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hBkI@D bH s? JI D@��bB JBC?@BC = b �BDD\C JB b �@?^\C`HE@�IB H FEF EBb �I �@b BS @DEB � kCFDB?E
JBD b\i@�@BbD B`aHC�IFD BE �C@E@�IBD J\?E k BIE JFk B?JCB bH A@B J �j\``BD BE JB ^B``BD Z
Q @?D@ = @b BDE HkkHCI I? CFBb a BD\@? JB kC\IABC �IB bBD kC\iCH``BD F�C@ED D\?E �\CCB�ED Z4b ? �BDE J\?� kHD FE\??H?E �IB JBD HDD@DEH?ED � bH JF`\?DECHE@\? D\@B?E IE@b@DFD Hs?
JB DB DBCA@C JB bH kI@DDH?�B �Hb�IbHE\@CB JBD \CJ@?HEBICD k\IC ?\ID H@JBC � AFC@sBC JBD
kC\iCH``BD Z

��k@�IB` B?E = @b BS @DEB JBIS iCH?JBD ^H` @bbBD J �HDD@DEH?ED JB kCBIABD DIC \CJ@?HEBIC 1
bBD kC\IABICD @?EBCH�E@^D BE bBD kC\IABICD HIE\` HE@�IBD Z

2BD b\i@�@BbD �I@ ^\?E kHCE@D JB bH kCB` @�CB �HEFi\C@B \?E k\IC HAH?EHiB JB D �HkkI�BC DIC
I? bH?iHiB ` HEjF`HE@�IB EC�D BSkCBDD@^ = ` H@D ?B bH@DDH?E kbH�B �I �� I?B EC�D ^H@a bB J\DB
J �HIE\` HE@D` B Z 2 �IE@b@DHEBIC JB EBbD b\i@�@BbD JBACH B? B�BE BSkb@�@EBC E\IEBD bBD FEHk BD
J �I?B JF`\?DECHE@\? Z

2BD b\i@�@BbD JB bH DB�\?JB �HEFi\C@B = B? CBAH?�jB = D\?E B?E@�CB` B?E HIE\` HE@�IBD Z
2 �IE@b@DHEBIC J\??B I?B CB�I�EB � I?B kC\k\D@E@\? � kC\IABC � BE bB kC\iCH``B D �B�\C�BHb\CD J �B? EC\IABC I?B kCBIAB \I I?B CF^IEHE@\? Z 6BkB?JH?E = bB bH?iHiB ` HEjF`HE@�IB DIC
bB�IBb D �HkkI@B �BD b\i@�@BbD BDE EC�D k BI BSkCBDD@^ Z P? ?B kBIE � BSkC@` BC �I �I?B kHCE@B EC\k
CBDECB@?EB JBD F?\?�FD ` HEjF`HE@�IBD B?A@DHiBHabBD k\IC k\IA\@C DB kHDDBC JBD kC\IABICD
@?EBCH�E@^D Z2\CD�IB b �\? ABIE D �HEEBbBC � bH Er�jB HCJIB �I �BDE bH �BCE@s�HE@\? J �I? kC\iCH``B =
\? DB jBICEB CHk@JB` B?E HIS b@` @EBD JBD D�DE�` BD HIE\` HE@�IBD BE \? BDE J\?� H` B?F
� IE@b@DBC bBD JBIS ^H` @bbBD kHCHbb�bB` B?E 1 bBD b\i@�@BbD ?B �\bbHa\CB?E kHD B?ECB BIS Z P?
kBIE = kHC BSB`kbB = bH@DDBC � I? kC\IABIC HIE\` HE@�IB bB ECHAH@b � B�B�EIBC BE = D �@b F�j\IB =kCB?JCB bH kCBIAB B? `H@? � b �H@JB J �I? kC\IABIC @?EBCH�E@^ Z 2B ^H@E BDE �IB b\CD J �I?BkCBIAB @?EBCH�E@AB = \? DB CBEC\IAB a@B? D\IAB?E �\?^C\?EF � JBD D\ID]kC\ab�` BD HDDB 
EC@A @HIS �IB bBD kC\IABICD HIE\` HE@�IBD k BIAB?E CFD\IJCB Z

2B aIE JB �B kC\¡ BE BDE JB `\?ECBC �I �@b BS @DEB I?B ECHJI�E@\? JB bH b\i@�IB @`kbH?EFBkHC I? kC\IABIC @?EBCH�E@^ kHCE@�Ib@BC = bB D�DE�` B 6\� ¢�£ = ABCD �BbbB @`kbH?EFB kHC bBDkC\IABICD HIE\` HE@�IBD = �I@ D\@E �\CCB�EB JI k\@?E JB AIB JB bH kC\IAHa@b@EF = BE Hb\CD JB bH
` BEECB B? kCHE@�IB 1 \? k\ICCH H@?D@ HkkBbBC HI DB@? ` �` B JB 6\� = JB ^H¤\? @?EBCH�E@AB = I?kC\IABIC HIE\` HE@�IB �I@ BDDH@BCH JB CFD\IJCB bB kC\ab�` B �\ICH?E Z 7\ECB kC\¡ BE D �HkkI@BDIC JBD ECHAHIS D@` @bH@CBD JF¡ � B�B�EIFD Z Q @?D@ = ¢LO£ kCFDB?EB b �@?EFiCHE@\? JB 6¥6 ¢;£ JH?D
4DHa BbbB ¢M£ BE ¢;N£ �BbbB JB pGC\ABC ¢O£ JH?D 7IG32 ¢:£ B? kHCE@�Ib@BC = ` �`B D@ b �@?EFiCHE@\?BDE kbID iF?FCHbB Z ¦? CBAH?�jB = J �I? k\@?E JB AIB EjF\C@�IB ?\ECB ECHAH@b DB CHkkC\�jB JB
¢L:£ �I@ ECH@EB bB �HD J �I?B b\i@�IB JB kCB` @BC \CJCB �bHIDHbB BE JB ¢LL£ �I@ BDE b �HCE@�bB bBkbID kC\�jB JB ?\ECB ECHAH@b Z

6\``B ?\ID b �HA\?D J@E = bBD kC\ab�` BD JB kCB` @BC \CJCB ?B D\?E kHD JF�@JHabBD Z 2BD
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kC\IABICD HIE\` HE@�IBD BS @DEH?ED HI¡ \ICJ �jI@ = �\``B 8@`kb@^� ¢K£ = 6¥6 2@EB ¢<£ = §B]
?\? ¢L<£ \I B?�\CB jH3¥B� ¢LK£ = D �B? D\CEB?E J@�FCB``B?E DBb\? bBD �HD Z >? kC\IABIC
k BIE F�j\IBC DIC I? kC\ab�` B Hb\CD �I �I? HIECB b �H CFD\bI H@DF` B?E = BE bH D@EIHE@\? kBIE
D �@?ABCDBC DIC I? HIECB kC\ab�` B Z 6B�@ BDE J¨ HI ^H@E �I �@bD ? �@`kbH?EB?E kHD bBD ` �` BD
`FEj\JBD BE bBD ` �` BD jBIC@DE@�IBD Z QIDD@ = k \IC kC\sEBC HI `HS@`I` JBD �HkH�@EFD JBD
kC\�FJICBD JB JF�@D@\? = ?\ID JBA@\?D k\IA\@C © aCH?�jBC ª D@` kbB` B?E JB ?\IABHIS kC\I]
ABICD HIE\` HE@�IBD � 6\� Z 2BD D�?EHSBD JBD kC\IABICD HIE\` HE@�IBD D\?E J@�FCB?EBD bBDI?BD JBD HIECBD Z h\?� = kbIE«E �IB JB ECHJI@CB J@CB�EB` B?E I? DF�IB?E 6\� ABCD 8@`kb@^�\I §B?\? = ?\ID HA\?D �j\@D@ JB © ^H�E\C@DBC ª bH ECHJI�E@\? ABCD I?B b\i@�IB JB kCB` @BC
\CJCB `IbE@D\CEFB BE DBIbB` B?E Hb\CD JB ECHJI@CB bB DF�IB?E JB �BEEB b\i@�IB ABCD �BbbBD JBD
kC\IABICD Z GI@D�IB bBD kC\IABICD HIE\` HE@�IBD @`kbH?EB?E JF¡ � I?B b\i@�IB JI kCB` @BC
\CJCB = bH JBC?@�CB FEHk B BDE �\?DE@EIFB BDDB?E@BbbB` B?E JB ECHJI�E@\? `\E]�]`\E Z Q @?D@ bB
aCH?�jB`B?E J �I? ?\IABHI kC\IABIC DB ^H@E EC�D D@`kbB` B?E J�D b\CD �IB b �\? B? �\??H¬E
bH D�?EHSB Z 2B D�jF` H DI@AH?E CFDI` B bBD FEHk BD JB ECHJI�E@\? J �I? DF�IB?E 6\� ABCD
J@�FCB?ED kC\IABICD HIE\` HE@�IBD 1
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GCB` @BC \CJCB `IbE@D\CEF

8@`kb@^� 6¥6 §B?\? ZZZ

8@ ?\ID ?\ID F�HCE\?D J\?� B? kCHE@�IB JI ECHAH@b CFHb@DF JH?D ¢L�£ \I ¢L9£ = I?B kHCE@B
JB bH EjF\C@B CBDEB bH ` �` B Z ¦? B�BE = bB aIE CB�jBC�jF JH?D �BD HCE@�bBD BDE J �F�C@CB I?B
kC\�FJICB JB JF�@D@\? HI DB@? J �HDD@DEH?ED � bH JF`\?DECHE@\? J �\CJCB DIkFC@BIC Z 6B�@ ? �BDEkHD ?\ECB aIE ` H@D bH ECHJI�E@\? CBDEB HI �IC JI DI¡ BE Z

2B kC\¡ BE kCFDB?EB E\IE J �Ha\CJ bBD b\i@�IBD ` @DBD B? ¡ BI 1 �BbbB JBD kC\IABICD HIE\]
` HE@�IBD � bH b\i@�IB JI kCB` @BC \CJCB `IbE@D\CEFB � kI@D �BbbB JB 6\� � bB 6Hb�Ib JBD
6\?DECI�E@\?D 4?JI�E@ABD Z ¦?DI@EB = ?\ID J\??\?D bH ECHJI�E@\? HEEB?JIB J �I?B b\i@�IBABCD b �HIECB = BE ?\ID B? `\?EC\?D bH �\CCB�E@\? Z

q@?HbB` B?E = ?\ID s?@DD\?D kHC kCFDB?EBC b �@`kbH?EHE@\? JB bH ECHJI�E@\? = HAB� DBD
Dk F�@s�@EFD = DBD CFDIbEHED BSk FC@` B?EHIS BE bB ECHAH@b �I@ CBDEB � B�B�EIBC k\IC CB?JCB bBkC\¡ BE B?�\CB kbID �\`kbBE Z

pB E@B?D � CB` BC�@BC I? iCH?J ?\`aCB JB k BCD\??BD k\IC HA\@C kHCE@�@k F \I k\IC
` �HA\@C H@JF � CFHb@DBC �B kC\¡ BE Z ¦? kCB` @BC kbH? DB EC\IAB pBH?]6jC@DE\kjB q@bb@rECB =
`\? J@CB�EBIC JB DEHiB = H@?D@ �IB b �F�I@k B hF`\?D JI 234 HI DB@? JB bH�IBbbB ¡ �H@ FA\bIF
�BD D@S JBC?@BCD `\@D Z p �� H@ a BHI�\Ik HkkC@D HIEH?E DIC bB kbH? EjF\C@�IB BE kCHE@�IB
JB ` H DkF�@Hb@EF �IB DIC bB kbH? jI`H@? Z pB CB` BC�@B B?�\CB I?B ^\@D pBH?]6jC@DE\kjB
q@bb@rECB ` H@D HIDD@ Q bBSH?JCB Y @�IBb BE 3\aBCE\ h @ 6\D`\ �I@ \?E FEF bBD kC\^BDDBICD
J\?E ¡ �H@ bB kbID HkkC@D JICH?E ` BD �@?� H??FBD J �FEIJBD DIkFC@BICBD = BE �I@ \?E DI ` B
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k BCD\??BD �I@ ` B D\?E kHCE@�Ib@�CB` B?E �j�CBD BE DH?D �I@ ¡ B ?B DBCH@D kHD bH k BCD\??B �IB
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>? bH?iHiB b\i@�IB k BC` BE JB JFs?@C JBD \a¡ BED _I? B?E@BC = I?B k BCD\??B = I?B b@DEBJB �j\DBD � ^H@CB = ZZZd BE J �BSkC@` BC JBD kjCHDBD �IH?E � �BD \a¡ BED _@b � H I?B @?s?@EF

J �B?E@BCD = E\IE bB `\?JB � D\ID]B?EB?JI E\IEBD bBD k BCD\??BD � BDE D\@E I?B ^B``B D\@E
I? j\``B = ¡ �H@ k bID J �I?B �j\DB � ^H@CB = ZZZd Z >?B BSkCBDD@\? �I@ JFD@i?B I? \a¡ BE BDE
HkkBbFB I? ÓÔÕÖ Ô= I?B BSkCBDD@\? �I@ k BC` BE J �F?\?�BC I?B kjCHDB BDE I?B × ÕØ× ØÙÚÓÚØÛZ

>? bH?iHiB b\i@�IB BDE �\?DE@EIF JB AHC@HabBD _\a¡ BED JB aHDBd = JB D�`a\bBD JB ^\?�]E@\? _�I@ k BC` BEEB?E JB �\?DECI@CB JB ?\IABHIS \a¡ BEDd = BE JB D�`a\bBD JB kCFJ@�HE _�I@
k BC` BEEB?E JB ^\C` BC bBD kjCHDBD JB aHDBd Z 2BD AHC@HabBD J\@AB?E �ECB B? ?\`aCB @?s?@ Ü
\? HkkBbbBCH V ar b �B?DB`abB JBD AHC@HabBD ZhB kbID = � �jH�IB D�`a\bB JB ^\?�E@\? BE JB kCFJ@�HE = \? HDD\�@B D\? ?\`aCB J �HCiI]
` B?ED \I ÝÕÚÓÞ 1 � �BDE bB ?\`aCB J �\a¡ BED J\?E �B D�`a\bB ECH@EB Z

¦SB`kbB 1 2B bH?iHiB JB b �HC@Ej`FE@�IB BDE �\?DE@EIF5 JB AHC@HabBD x
=
x0

=
y
= ZZZ Ü

5 JBD D�`a\bBD JB ^\?�E@\?D N _J �HC@EF Nd =
S

_J �HC@EF Ld BE
+

BE
∗

_J �HC@EF ;d Ü
5 JI D�`a\bB JB kCFJ@�HE =

J �HC@EF ; Z
2BD EBC` BD D\?E ^\C` FD kHC bBD JBIS C�ibBD DI@AH?EBD 1
5 bBD AHC@HabBD D\?E JBD EBC` BD Ü
5 D@

f
BDE I? D�`a\bB JB ^\?�E@\? J �HC@EF n

BE
t1

= ZZZ=
tn

D\?E JBD EBC` BD = Hb\CD b �BSkCBD]D@\?
f(t1, ..., tn)

BDE I? EBC` B Z
2\CD�IB b �\? ^\C` B I? B?DB`abB �\``B �B JBC?@BC kHC CF�ICCB?�B = ?\ID IE@b@DBC\?D B?

kbID JB bH JFs?@E@\? © B? ^CH?¤H@D ª I?B F�C@EICB kbID �\?�@DB Z 4�@ = b �B?DB`abB t
JBD EBC` BD

DBCH JF�C@E �\``B DI@E 1
t ::= x

\ß
x ∈ V arà

f(t, ..., t)
k\IC E\IE D�`a\bB JB ^\?�E@\? f

Z
:



áÓÓÔÛÓÚØÛ 1 2BD
t
JB bH C�ibB f(t, ..., t)

?B D\?E kHD \ab@iHE\@CB` B?E bBD ` �`BD Z 6B D\?E
¡ IDEB JBD FbF` B?ED JB b �B?DB`abB JBD EBC` BD �I@ k BIAB?E �ECB J@�FCB?ED Z

¦SB`kbB 1 B? HC@Ej`FE@�IB = bBD BSkCBDD@\?D DI@AH?EBD D\?E JBD EBC` BD 1
N =

S(0)
=
S(S(0))

=
+(0, 0)

=
x
=
+(∗(x, S(S(0))), S(y))

= ZZZ
2B `\�B? bB kbID D@` kbB JB ^\C` BC I?B kC\k\D@E@\? _I?B kjCHDBd BDE J �Hkkb@�IBC I?

D�`a\bB JB kCFJ@�HE � I? ?\`aCB JB EBC` BD FiHb � D\? HC@EF Ü \? kBIE = kHC BSB`kbB = ^\C` BC
H@?D@ bH kC\k\D@E@\?

= (+(S(0), S(0)), S(S(0)))
Z

GHC D\I�@D JB b@D@a @b@EF = bBD D�`a\bBD âÚÛÝÚÕÔÙ= � �BDE]�]J@CB J �HC@EF ; D\?E CBkCFDB?]
EFD JB ^H¤\? @?sSB = BE ?\? kbID kCFsSB Z GHC bH DI@EB = \? F�C@CH J\?� b �BSkCBDD@\? =
(+(S(0), S(0)), S(S(0)))

kbIE«E D\ID bH ^\C` B
S(0) + S(0) = S(S(0))

Z
YH@D \? H FiHbB` B?E a BD\@? JB ^\C` BC JBD kC\k\D@E@\?D kbID �\`kbBSBD Z G\IC �BbH = \?IE@b@DB bBD �\??B�EBICD ∧

_BEd =
∨

_\Id =
→

_@`kb@�IBd = ¬ _?\?d =
>

_ACH@d BE
⊥

_^HIS d H@?D@
�IB bBD �IH?E@s�HEBICD ∀ _k\IC E\IEd BE

∃
_@b BS @DEBd Z

2BD �IH?E@s�HEBICD DBCAB?E � BSkC@` BC �IB E\ID bBD \a¡ BE JI J@D�\ICD AFC@sB?E I?B
kC\kC@FEF _

∀
d = \I �I �HI `\@?D I? \a¡ BE AFC@sB I?B kC\kC@FEF _

∃
d = ` H@D DH?D Dk F�@sBC bB�IBb ZGHC BSB`kbB = bH kC\k\D@E@\?

∀x : Int , (x > 0) → x 6= 0
D@i?@sB ãG\IC E\IE B?E@BC

x
= D@

x
BDE DEC@�EB` B?E kbID iCH?J �IB N = Hb\CD x

BDE J@�FCB?E JB N ãZ
7\ID HA\?D AI I? BSB`kbB JB kC\k \D@E@\? = A\�\?D � kCFDB?E �IBbbBD D\?E bBD C�ibBD �I@

CFi@DDB?E bBICD ^\C` HE@\?D 1
5 D@

P
BDE I? D�`a\bB JB kCFJ@�HE J �HC@EF n

= BE
t1

= ZZZ=
tn

D\?E JBD EBC` BD = Hb\CD b �BS]kCBDD@\?
P (t1, ..., tn)

BDE I?B kC\k\D@E@\? Ü
5 D@

t1
BE

t2
D\?E JBD EBC` BD = Hb\CD t1 = t2

BDE I?B kC\k\D@E@\? Ü
5
>

BE
⊥

D\?E JBD kC\k\D@E@\?D BE D@
A

BE
B

D\?E JBD kC\k\D@E@\?D Hb\CD ¬A
=
A ∧ B

=
A ∨ B

BE
A → B

D\?E JBD kC\k\D@E@\?D Ü
5 D@

A
BDE I?B kC\k\D@E@\? =

x
I?B AHC@HabB BE

S
I?B D\CEB = Hb\CD ∀x : S,A

BE
∃x : S,AD\?E JBD kC\k\D@E@\?D Z

P ::= Pred(t, ..., t)
k\IC E\IE D�`a\bB JB kCFJ@�HE Predà

t = tà
>à
⊥à
¬Pà
P ∧ Pà
P ∨ Pà
P → Pà
∀x : S, P

\ß
x ∈ V ar

BE
S ∈ Sortà

∃x : S, P
\ß

x ∈ V ar
BE

S ∈ Sort
Z

P? A\@E HkkHCH¬ECB JH?D bH iCH``H@CB JBD �IH?E@s�HEBICD bH ?\E@\? JB ÙØÕÓÔZ
¦? B�BE = JH?D ?\ECB EjF\C@B = ?\ID DBC\?E H` B?FD � J@DE@?iIBC kbID@BICD D\CEBD J �\a¡ BED ZGHC BSB`kbB = D@ \? H JBD D�`a\bBD JB ^\?�E@\? J �HC@EF ?IbbB italien

=
allemand

=
Italie

BE
Allemagne

BE I? kCFJ@�HE a@?H@CB langue
= \? k BIE ^\C` BC bBD EBC` BD

langue(Italie, italien)
=

langue(Allemagne, allemand)
= ` H@D HIDD@ bB EBC` B

langue(Allemagne, Italie)
�I@ DB`abBJF?IF JB DB?D Z

�



G\IC �\?EC«bBC �B iB?CB J �HaDICJ@EF JH?D ?\ECB bH?iHiB = \? DB J\??B I? B?DB`abBk\EB?E@BbbB` B?E @?s?@
Sort = {S1, S2, ...}

JB D\CEBD Z Q b\CD = \? HDD\�@B HIS D�`a\bBD JB
^\?�E@\?D I?B b@DEB \CJ\??FB JB D\CEBD J\?E bH b\?iIBIC BDE FiHbB � D\? HC@EF BE J\?E bBDFbF` B?ED D\?E CBDk B�E@AB` B?E bH D\CEB JB DBD HCiI` B?ED Z ¦?s? = \? bI@ HDD\�@B FiHbB` B?E
I?B D\CEB �I@ CBkCFDB?EB bH D\CEB JI CFDIbEHE JB bH ^\?�E@\? Z P? kC\��JB JB `�`B HAB� bBDD�`a\bBD JB kCFJ@�HE = � �B�@ kC�D �IB b �\? ?B bBIC HDD\�@B �IB bH D\CEB JB bBICD HCiI`B?ED Z
Q @?D@ = b\CD�I �I? D�`a\bB ?B DB A\@E kHD HDD\�@BC JB D\CEB JB CFDIbEHE = \? B? JFJI@E �IB
� �BDE I? D�`a\bB JB kCFJ@�HE BE �I �@b k BC` BE J �BSkC@` BC I?B kC\k\D@E@\? = I?B kjCHDB Z

q\C` BbbB` B?E = \? JFs?@E bBD b@DEBD JB D\CEBD = BE kbID iF?FCHbB` B?E bBD b@DEBD J �FbF` B?E
J �I? B?DB`abB E

H@?D@ 1
5 bH b@DEB A @JB ¢£ BDE I?B b@DEB J �FbF` B?ED JB

E
Ü

5 D@
e ∈ E

BE D@
l
BDE I?B b@DEB J �FbF` B?ED JB

E
= Hb\CD e :: l

BDE I?B b@DEB J �FbF` B?ED JB
E

= J\?E bB kCB` @BC FbF` B?E BDE
e

BE bB CBDEB
l
Z

l ::= []à
e :: l

\ß
e ∈ E

Z
¦SB`kbB 1 2H b@DEB JBD �j@�CBD B?E@BCD kH@CD JH?D b �\CJCB �C\@DDH?E BDE N 1 1 ; 1 1 M 1 1

: 1 1 9 1 1 ¢£ Z
�\I¡ \ICD kHC D\I�@D JB b@D@a @b@EF = ?\ID kCF^FCBC\?D F�C@CB bBD FbF` B?ED J �I?B b@DEB B?ECB

�C\�jBED BE bBD DFkHCBC kHC JBD k\@?E]A @CiIbBD Z N 1 1 ; 1 1 M 1 1 : 1 1 9 1 1 ¢£ BDE F�I@AHbB?E �
¢N Ü ; Ü M Ü : Ü 9£ Z

8@ \? CBkCB?J b �BSB`kbB JB b �HC@Ej` FE@�IB = \? kBIE bB �\`kbFEBC H@?D@ k\IC HA\@C I?
bH?iHiB D\CEF 1

5 � N \? HDD\�@B bH b@DEB A @JB �\``B b@DEB JBD D\CEBD JB DBD HCiI`B?ED _� �BDE bH DBIbB
b@DEB JB b\?iIBIC Nd BE

Int
_JB ÚÛÓÔä ÔÕ k\IC bBD B?E@BCD B? H?ibH@Dd �\``B D\CEB JI

CFDIbEHE Z P? HDD\�@B �
+

BE
∗

¢
Int

Ü
Int

£ BE
Int

_
+

BE
∗

D\?E JBD D�`a\bBD JB ^\?�E@\?�I@ kCB??B?E JBIS B?E@BCD B? HCiI` B?E BE J\?E bB CFDIbEHE BDE I? B?E@BCd Z
5

=
HICH k\IC D\CEB ¢

Int
Ü
Int

£ Z
å ØÓÝÓÚØÛ 1 2\CD�IB �I �I? D�`a\bB JB ^\?�E@\? f

HICH k\IC D\CEB JB DBD HCiI` B?ED I?B
b@DEB [S1

Ü ZZZ Ü
Sn]

BE k\IC D\CEB JB CFDIbEHE S
= ?\ID ?\EBC\?D �B ^H@E

f : S1

= ZZZ=
Sn → S

Z
hB kbID = D@ I? D�`a\bB JB ^\?�E@\? a

JB D\CEB JB CFDIbEHE S
BE BDE J �HC@EF ?IbbB �

aBDE HkkBbFB �\?DEH?EB � = Hb\CD ?\ID ?\EBC\?D �B ^H@E
a : S

Z

È ÉÈÉæ çèÎéêË ë ì ÑÒÒË íÑÏîéïÐÑÒ
G\IC AFC@sBC �I �I?B BSkCBDD@\? BDE a@B? D\CEFB = @b BS @DEB JBD Hbi\C@Ej`BD ðÞñÚðÝâòÔÙ 1

@bD s?@DDB?E E\I¡ \ICD BE CFk\?JB?E D\@E ã\I@ = b �BSkCBDD@\? BDE a@B? D\CEFB ã= D\@E ã?\? = BbbB?B b �BDE kHD ãZ >?B ` FEj\JB BDE J �IE@b@DBC I? Hbi\C@Ej` B DIC JBD Õóä òÔÙ ð ôÚÛõ ÞÕÔÛ ñÔZ
>?B C�ibB J �@?^FCB?�B DB kCFDB?EB D\ID bH ^\C` B

C1

ZZZ
Cnö÷øùúûú÷øüýþÿ� ú�úþú��ü �ÿ ��ýøþ��

C

9



BE DB b@E 1 © D@ bBD �\?J@E@\?D C1
= ZZZ=

Cn

D\?E CBDk B�EFBD = Hb\CD \? kBIE JFJI@CB
C

ªZ
2BD �\?J@E@\?D C1

= ZZZ=
Cn

�I@ DB EC\IAB?E HI]JBDDID JB bH aHCCB j\C@ \?EHbB D �HkkBbbB?E
bBD × ÕÞÖ ÚÙÙ ÔÙ Ü bH JFJI�E@\? C

�IB b �\? kBIE B? ^H@CB D �HkkBbbB bH ñØÛ ñò�ÙÚØÛZ
4?EFCBDD\?D]?\ID J\?� � bH D\CEB JBD EBC` BD JH?D I? B?A@C\??B` B?E J\??F k\IC ?\ECB

bH?iHiB JI kCB` @BC \CJCB `IbE@D\CEF Z 7\ID Hbb\?D IE@b@DBC JBD C�ibBD J �@?^FCB?�B k\CEH?E
DIC JBD � �ä ÔÖ ÔÛÓÙ ðÔ Ó�×Ýä ÔZ >? ¡ IiB`B?E JB bH ^\C` B

Γ `FOL t : S
D@i?@sB �IB bB EBC` B

t
BDE a@B? ^\C` F BE H k\IC D\CEB

S
JH?D b �B?A@C\??B` B?E

Γ
Z

>? B?A@C\??B`B?E k BC` BE JB JF�bHCBC bH D\CEB JBD \a¡ BED BE BDE I? B?DB`abB JB ^H@ED
JB bH ^\C` B

x : S
JH?D bB �HD JBD AHC@HabBD = f : S1

= ZZZ=
Sn → S

JH?D bB �HD J �I? D�`a\bBJB ^\?�E@\? f
BE

P : [S1

= ZZZ=
Sn]

JH?D bB �HD J �I? D�`a\bB JB kCFJ@�HE P
Z Q @?D@ = D@

Γ
BDE I?

B?A@C\??B` B?E BE D@
f : S1

= ZZZ=
Sn → S ∈ Γ

= �BbH D@i?@sB �IB
f

H
n

HCiI`B?ED JB D\CEBD
CBDk B�E@ABD S1

= ZZZ=
Sn

BE k\IC D\CEB JB CFDIbEHE S
JH?D b �B?A@C\??B` B?E

Γ
= �\?^\C` F`B?E

� bH ?\EHE@\? kCF�FJB?EB Z 2H JFs?@E@\? D@` @bH@CB HEEB?JIB AHIE k\IC bBD AHC@HabBD BE bBDD�`a\bBD JB kCFJ@�HE ZGHC HaID JB bH?iHiB = ?\ID J@D\?D
x ∈ Γ

D �@b BS @DEB
S ∈ Sort

EBb �IB
x : S ∈ Γ

D@
x

BDE
I?B AHC@HabB Z 7\ID J@C\?D

f ∈ Γ
D �@b BS @DEB S1

= ZZZ=
Sn

BE
S ∈ Γ

EBbD �IB
f : S1, ..., Sn → S ∈

mathitSort b\CD�IB f
BDE I? D�`a\bB JB ^\?�E@\? BE

P ∈ Γ
D �@b BS @DEB

S1

= ZZZ=
Sn ∈ SortEBbD �IB

P : [S1; ...; Sn] ∈ Γ
=
P

FEH?E I? D�`a\bB JB kCFJ@�HE Z
¥\@�@ J\?� bH C�ibB J �@?^FCB?�B �IH?E HI E�kB JBD EBC` BD 1

Γ `FOL t1 : S1

ZZZ
Γ `FOL tn : Snüú

f : S1, ���	 Sn → S ∈ Γ 
ÿøýû���
Γ `FOL f(t1, ..., tn) : S

¦? kHCE@�Ib@BC = D@ n = 0
= bH C�ibB CBA@B?E �

üú a : S ∈ Γ þ� ú÷��
Γ `FOL a : S

�I@ BDE b �HS @\` B JB E�kHiB JB ?\ECB EjF\C@B Z 7\E\?D �IB �BEEB C�ibB D �Hkkb@�IB HIDD@ a @B?HIS ^\?�E@\?D �I �HIS AHC@HabBD Z
2BD kC\k\D@E@\?D ? �\?E kHD JB E�k B Z 6B �IB b �\? J\@E AFC@sBC Hb\CD = � �BDE bBIC a\??B

^\C` HE@\? Z P? @?EC\JI@E ?HEICBbbB` B?E JBD � �ä ÔÖ ÔÛÓÙ ðÔ âØÛÛ Ô õ ØÕÖ ÝÓÚØÛ JB bH ^\C` B
Γ `FOL P bf

�I@ D@i?@sB �IB
P

BDE a@B? ^\C` FB JH?D b �B?A@C\??B` B?E
Γ
Z 2BD C�ibBD JB

a\??B ^\C` HE@\? JBD kC\k\D@E@\?D D\?E bBD DI@AH?EBD 1
û÷�ýû���

Γ `FOL > bf

÷ûýû���
Γ `FOL ⊥ bf

Γ `FOL t1 : S Γ `FOL t2 : S ��ýû���
Γ `FOL t1 = t2 bf

Γ `FOL t1 : S1
ZZZ

Γ `FOL tn : Snüú
P : [S1, ���	 Sn] ∈ Γ ���ùýû���

Γ `FOL P (t1, ..., tn) bf

Γ `FOL P1 bf Γ `FOL P2 bf þøùýû�� �
Γ `FOL P1 ∧ P2 bf

Γ `FOL P1 bf Γ `FOL P2 bf ÷�ýû���
Γ `FOL P1 ∨ P2 bf

K



Γ `FOL P1 bf Γ `FOL P2 bf ú��ýû���
Γ `FOL P1 → P2 bf

Γ `FOL P bf ø÷ûýû���
Γ `FOL ¬P bf

{x : S} ∪ Γ `FOL P bf
x 6∈ Γ

Γ `FOL ∀x : S, P bf

{x : S} ∪ Γ `FOL P bf
x 6∈ Γ �� úüûüýû���

Γ `FOL ∃x : S, P bfG\IC AFC@sBC �I �I? EBC` B BDE a@B? D\CEF = @b DI� E Hb\CD JB CB` \?EBC b �HCaCB JB E�kHiB
JI EBC` B BE JB D �HDDICBC �IB E\IEBD bBD ^BI@bbBD D\?E JBD C�ibBD Ý� ÚØÖ ÔZ G\IC AFC@sBC
�I �I?B kC\k \D@E@\? BDE a@B? ^\C` FB = @b DI� E JB CB` \?EBC b �HCaCB JB a\??B ^\C` HE@\? JB
bH kC\k\D@E@\? BE JB D �HDDICBC �IB bBD EBC` BD �I@ � @?EBCA@B??B?E D\?E a@B? E�kFD Ü bBD^BI@bbBD J\@AB?E J\?� �ECB JBD C�ibBD Ý� ÚØÖ Ô= ÓØ× �Ó�× Ô \I âØÓ�Ó�× ÔZ 6BE Hbi\C@Ej` B BDE
EC@A @Hb kI@D�I �HI kbID I?B DBIbB C�ibB ?B k BIE D �Hkkb@�IBC � I? EBC` B \I I?B kC\k\D@E@\?
J\??FB Z 8@ HI�I?B C�ibB ?B k BIE D �� Hkkb@�IBC = � �BDE �IB bB EBC` B ? �BDE kHD a@B? D\CEF \I
�IB bH kC\k\D@E@\? BDE ` Hb ^\C` FB Z

Q kC\k\D JB bH C�ibB Ô��Ó�× Ô 1 �BEEB C�ibB BDE kHCE@�Ib@�CB B? �B DB?D �IB bBD D\CEBD
JBD EBC` BD

t1
BE

t2
? �@?EBCA@B??B?E kHD JH?D bB CBDEB JB bH C�ibB Z P? k\ICCH@E J\?� �C\@CB�I �@b ^HIE © JBA @?BC ª b �@?DEH?�@HE@\? �I@ CB?J a@B? ^\C` FB bH kC\k\D@E@\?

t1 = t2
Z 7\ECB

Hbi\C@Ej`B ?B DBCH@E Hb\CD kHD JF�@JHabB Z ¦? CFHb@EF = JI ^H@E �IB b �Hbi\C@Ej`B JI E�kHiB
JBD EBC` BD BDE bI@ JF�@JHabB = �BbH HDDICB �I �I?B I?@�IB D\CEB

S
kBIE �ECB JFEBC` @?FB Hs?

�IB bBD EBC` BD
t1

BE
t2

D\@B?E a@B? E�kFD Z 4b DI� E Hb\CD JB �j\@D@C �BEEB D\CEB k\IC bH C�ibBÔ��Ó�× Ô Hs? JB �\`kbFEBC b �HCaCB JB a\??B ^\C` HE@\? JB bH kC\k\D@E@\? Z
¦SB`kbB 1 AFC@s\?D �IB bH kC\k\D@E@\?

∀x : Int , x + 2 = x
BDE a@B? ^\C` FB JH?D

b �B?A@C\??B` B?E
Γ = {+ : Int , Int → Int

Ü
2 : Int}

Z
þ� ú÷��

Γ′ `FOL x : Int
þ� ú÷��

Γ′ `FOL 2 : Int 
ÿøýû���
Γ′ `FOL x + 2 : Int

þ� ú÷��
Γ′ `FOL x : Int ��ýû���

Γ′ = {x : Int} ∪ Γ `FOL x + 2 = x bf 
÷�þ��ýû���
Γ `FOL ∀x : Int , x + 2 = x bf

ÈÉÈÉ� ÊËÌ ��îÑÒÌïÏéïÐÑÒÌ
YH@?EB?H?E �IB b �\? H JF�C@E ?\ECB bH?iHiB BE �IB b �\? DH@E �\``B?E ^\C` BC JBD kC\k\]

D@E@\?D BE AFC@sBC �I �BbbBD \?E I? DB?D = ?\ID A\IJC@\?D ?\ID J\??BC bBD \IE@bD �I@ k BC` BEEB?E
JB bBD JF`\?ECBC Z 7\ID HA\?D E\ID BI = FEH?E kbID ¡ BI?BD = � © Y\?ECBC �IB bB EC@H?ibB Q[6
BDE CB�EH?ibB ªZ G\IC �BbH ?\ID JBA@\?D kCFDB?EBC I?B × ÕÔ��Ô= F�C@EB B? `FbH?iBH?E ?\ECB
bH?iIB ?HEICBbbB BE bB bH?iHiB ` HEjF`HE@�IB ` H@D �I@ \a F@E � �BCEH@?BD b\@D = Hs? �I ��kHCE@C JB J\??FBD \? kI@DDB kHCAB?@C � I?B �\?�bID@\? Z GI@D�IB JBD C�ibBD CFi@DDB?E bBDJF` \?DECHE@\?D = BbbBD D\?E DI¡ BEEBD � I?B ^\C` Hb@DHE@\? Z

�\IE J �Ha\CJ = ?\ID kCFDB?E\?D �IBb�IBD ?\E@\?D ^\?JH` B?EHbBD B? EjF\C@B JB bH JF]
`\?DECHE@\? Z

>?B JF`\?DECHE@\? DB �\?DECI@E � kHCE@C J �Ý� ÚØÖ ÔÙ �I@ D\?E JBD kC\k\D@E@\?D J\?E bHAFC@EF BDE HJ` @DB DH?D HCiI` B?EHE@\? Z >? B?DB`abB J �HS @\` BD D �HkkBbbB I?B Ó� ÞØÕÚÔZ
¦SB`kbB 1 2H EjF\C@B JB b �FiHb@EF BDE ^\C` FB JBD HS @\` BD DI@AH?ED = FEH?E J\??F I?B

D\CEB
S

1
LN



5 GC@?�@k B J �@JB?E@EF 1
∀x : S, x = x5 8�jF` H J �HS @\` B JB 2B@a?@  k\IC E\IEB kC\k\D@E@\?

P
�I@ �\?E@B?E z

JB D\CEB
S

1
∀x : S,∀y : S, x = y → P [x/z] → P [y/z]

\ß
P [u/v]

BDE bH kC\k \D@E@\?
P

JH?D
bH�IBbbB b �\? H CB`kbH�F E\IEBD bBD \��ICCB?�BD JB

v
kHC

u

7\E\?D �IB bH ?\E@\? JB CB`kbH�B` B?E BDE ^\?JH`B?EHbB JH?D I? bH?iHiB Z 2H DIaDE@]EIE@\? J �I?B AHC@HabB x
kHC I? EBC` B

t
JH?D I? EBC` B BDE JFs?@ kHC CF�ICCB?�B DIC �BEBC` B 1

5
x[t/x] = t

=
5 D@

y 6= x
BDE I?B AHC@HabB = Hb\CD y[t/x] = y

=
5

f(t1, ..., tn)[t/x] = f(t1[t/x], ..., tn[t/x])
k\IC E\IE D�`a\bB JB ^\?�E@\? f

Z
¦E bH DIaDE@EIE@\? J �I?B AHC@HabB x

kHC I? EBC` B
t

JH?D I?B kC\k\D@E@\? BDE JFs?@B
kHC CF�ICCB?�B DIC �BEEB kC\k\D@E@\? 1

5
>[t/x] = >

=
5
⊥[t/x] = ⊥

=
5

P (t1, ..., tn)[t/x] = P (t1[t/x], ..., tn[t/x])
k\IC E\IE D�`a\bB JB kCFJ@�HE P

=
5

(t1 = t2)[t/x] = (t1[t/x] = t2[t/x]
=

5
(¬P )[t/x] = ¬P [t/x]

=
5

(P ∧ Q)[t/x] = P [t/x] ∧ Q[t/x]
=

5
(P ∨ Q)[t/x] = P [t/x] ∨ Q[t/x]

=
5

(P → Q)[t/x] = P [t/x] → Q[t/x]
=

5
(∀x : S, P )[t/x] = ∀x : S, P

=
5

(∃x : S, P )[t/x] = ∃x : S, P
=

5 D@
y 6= x

BDE I?B AHC@HabB = Hb\CD (∀y : S, P )[t/x] = ∀y : S, P [t/x]
Z

2H D\CEB JB
y

kBIE]�ECB J@�FCB?EB JB �BbbB JB
x

BE
t
= ` H@D

y
?B J\@E kHD HkkHCH¬ECB

JH?D
t
Z 8@ � �BDE bB �HD = @b BDE ?F�BDDH@CB JB CB?\``BC bH AHC@HabB y

JH?D
∀y : S, PHAB� I?B ?\IABbbB AHC@HabB Z5 D@

y 6= x
BDE I?B AHC@HabB = Hb\CD (∃y : S, P )[t/x] = ∃y : S, P [t/x]

Z
2H D\CEB JB

y
kBIE]�ECB J@�FCB?EB JB �BbbB JB

x
BE

t
= ` H@D

y
?B J\@E kHD HkkHCH¬ECB

JH?D
t
Z 8@ � �BDE bB �HD = @b BDE ?F�BDDH@CB JB CB?\``BC bH AHC@HabB y

JH?D
∃y : S, PHAB� I?B ?\IABbbB AHC@HabB Z

h�D b\CD �IB bH JFs?@E@\? J �I?B ?\E@\? BDE k\DFB = @b kHCH¬E FA@JB?E �IB ?\ID HIC\?D
a BD\@? JB �BCEH@?D bB``BD bH �\?�BC?H?E k\IC `\?ECBC B?DI@EB JBD EjF\C�` BD J\?E JBD
j�k\Ej�DBD bH ^\?E @?EBCAB?@C Z ¥\@�@ J\?� �IBb�IBD bB``BD HI DI¡ BE JB bH DIaDE@EIE@\? JB
AHC@HabB JH?D I? EBC` B \I I?B kC\k\D@E@\? BE �B �IB b �\? kBIE B? �\?�bICB �IH?E � bBICE�k B \I bBIC a\??B ^\C` HE@\? Z
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{x : S}∪Γ `FOL t1 = t2 bf
BE J\?� {x : S}∪Γ `FOL P bf

Z
5 8@ bH JBC?@�CB C�ibB BDE × ÕÔð�Ó�× Ô=

P
BDE J\?� JB bH ^\C` B

R(t1, ..., tn)
Z P? H
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[T1, ..., Tn] ∈ Γ

BE
Γ `FOL ti : Ti

k\IC
0 ≤ i ≤ n

Z hB kbID = kI@D�IB
x

? �HkkHCH¬E
kHD JH?D

P
= � �BDE �IB

x
? �HkkHCH¬E JH?D HI�I? JBD

ti
Z h\?� kHC bB )0��0 � =

{x : S} ∪ Γ `FOL ti : Ti

Z ¦E J\?� kHC × ÕÔð�Ó�× Ô=
{x : S} ∪ Γ `FOL R(t1, ..., tn) bf

=
J �\ß {x : S} ∪ Γ `FOL P bf

Z
5 8@ bH JBC?@�CB C�ibB BDE ÝÛð�Ó�× Ô=

P
BDE J\?� JB bH ^\C` B

A ∧ B
Z P? H

Γ `FOL A bfBE
Γ `FOL B bf

Z hB kbID = kI@D�IB
x

? �HkkHCH¬E kHD JH?D
P

= � �BDE �IB
x

? �HkkHCH¬E
?@ JH?D

A
?@ JH?D

B
Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B = {x : S} ∪ Γ `FOL A bfBE

{x : S} ∪ Γ `FOL B bf
Z h\?� kHC ÝÛð�Ó�× Ô=

{x : S} ∪ Γ `FOL A ∧ B bf
= J �\ß

{x : S} ∪ Γ `FOL P bf
Z

5 8@ bH JBC?@�CB C�ibB BDE ØÕ�Ó�× Ô=
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BDE J\?� JB bH ^\C` B
A ∨ B
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Γ `FOL A bfBE
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Z hB kbID = kI@D�IB
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? �HkkHCH¬E kHD JH?D
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= � �BDE �IB
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? �HkkHCH¬E

?@ JH?D
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?@ JH?D
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Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B = {x : S} ∪ Γ `FOL A bfBE
{x : S} ∪ Γ `FOL B bf

Z h\?� kHC ØÕ�Ó�× Ô=
{x : S} ∪ Γ `FOL A ∨ B bf

= J �\ß
{x : S} ∪ Γ `FOL P bf

Z
5 8@ bH JBC?@�CB C�ibB BDE ÚÖ× �Ó�× Ô=

P
BDE J\?� JB bH ^\C` B

A → B
Z P? H

Γ `FOL A bfBE
Γ `FOL B bf

Z hB kbID = kI@D�IB
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? �HkkHCH¬E kHD JH?D
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= � �BDE �IB
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? �HkkHCH¬E
?@ JH?D
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Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B = {x : S} ∪ Γ `FOL A bfBE

{x : S} ∪ Γ `FOL B bf
Z h\?� kHC ÚÖ× �Ó�× Ô=

{x : S} ∪ Γ `FOL A → B bf
= J �\ß

{x : S} ∪ Γ `FOL P bf
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Z h\?� kHC Û ØÓ�Ó�× Ô=

{x : S} ∪ Γ `FOL Q bf
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BDE J\?� JB bH ^\C` B
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= � �BDE �IB
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kHC I?B ?\IABbbB AHC@HabB �I@ ? �� HkkHCH¬E kHD BE J@�FCB?EB JB
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kI@D�IB
{y : T} ∪ Γ `FOL Q bf

BE
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? �HkkHCH¬E kHD JH?D
Q

Hb\CD = kHC j�k\Ej�DB
JB CF�ICCB?�B = {x : S; y : T} ∪ Γ `FOL Q bf

Z hB kbID = y 6∈ Γ
BE

y 6= x
= J\?�

y 6∈ {x : S} ∪ Γ
Z h\?� kHC õ ØÕÝò ò�Ó�× Ô \? H

{x : S} ∪ Γ `FOL ∀y : T,Q bf
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{x : S} ∪ Γ `FOL P bf
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P

BDE J\?� JB bH ^\C` B
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Z P? H
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BE

y 6∈ Γ
Z hB kbID = kI@D�IB

x
? �HkkHCH¬E kHD JH?D
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x = y
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? �HkkHCH¬E kHD JH?D
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x = y
= \? CB?\``B E\IEBD bBD \��ICCB?�BD JB
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kHC I?B ?\IABbbB AHC@HabB �I@ ? �� HkkHCH¬E kHD BE J@�FCB?EB JB

x
Z 8@?\? =

kI@D�IB
{y : T} ∪ Γ `FOL Q bf

BE
x

? �HkkHCH¬E kHD JH?D
Q

Hb\CD = kHC j�k\Ej�DB
JB CF�ICCB?�B = {x : S; y : T} ∪ Γ `FOL Q bf

Z hB kbID = y 6∈ Γ
BE

y 6= x
= J\?�

y 6∈ {x : S} ∪ Γ
Z h\?� kHC Ô� ÚÙÓÙ�Ó�× Ô \? H

{x : S} ∪ Γ `FOL ∃y : T,Q bf
= \I B?�\CB

{x : S} ∪ Γ `FOL P bf
Z
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I?B AHC@HabB = S I?B D\CEB =
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∆

I? �\?EBSEB Z8@ k \IC E\IE
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? �HkkHCH¬E kHD JH?D
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? �HkkHCH¬E kHD JH?D
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kHC HaID JB
bH?iHiB � = BE D@ k \IC E\IE

H ∈ ∆
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Γ `FOL H bf
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Γ `FOL ∆ bf
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kCFDB?E � = Hb\CD {x : S} ∪ Γ `FOL ∆ bf
Z

� ÕÔ��Ô 1 kHC CF�ICCB?�B DIC bH EH@bbB JB
∆

Z
5 8@

∆ = ∅
= Hb\CD bH kC\kC@FEF BDE DHE@D^H@EB kHC AH�I@EF Z5 8@

∆ = ∆′ ∪{P}
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? �HkkHCH¬E kHD JH?D
∆

J\?� x
? �HkkHCH¬E ?@ JH?D

∆′ ?@ JH?D
P

Z
GI@D�IB

Γ `FOL ∆ bf
= � �BDE �IB

Γ `FOL ∆′ bf
BE

Γ `FOL P bf
Z GI@D�IB

Γ `FOL ∆′ bfBE �IB
x

? �HkkHCH¬E kHD JH?D
∆′ = Hb\CD kHC j�k\Ej�DB JB CF�ICCB?�B {x : S}∪Γ `FOL

∆′ bf
Z ¦?s?

x
? �HkkHCH¬E kHD JH?D

P
BE

Γ `FOL P bf
= J\?� kHC bB )0��0 � =

{x : S} ∪ Γ `FOL P bf
Z
{x : S} ∪ Γ `FOL ∆′ bf

BE
{x : S} ∪ Γ `FOL P bf

= J\?�
{x : S} ∪ Γ `FOL ∆′ ∪ {P} bf

= � �BDE]�]J@CB {x : S} ∪ Γ `FOL ∆ bf
Z

)0��0 � 1 8\@B?E
x

I?B AHC@HabB = t
BE

u
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S
BE
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JBIS D\CEBD BE

Γ
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B?A@C\??B` B?E Z 8@
x 6∈ Γ

=
x

? �HkkHCH¬E kHD JH?D
t
=
Γ `FOL u[t/x] : T

BE
Γ `FOL t : S

= Hb\CD
{x : S} ∪ Γ `FOL u : T

Z
� ÕÔ��Ô 1 kHC CF�ICCB?�B DIC bH EH@bbB JB

u
Z

5 8@
u

BDE I?B AHC@HabB BE �IB
u = x

= Hb\CD u[t/x] = t
Z P? H J\?� S = T

BE kI@D�IB
Γ `FOL t : T

BE
x

? �HkkHCH¬E kHD JH?D
t
Hb\CD J �HkC�D bB )0��0 �

{x : S}∪Γ `FOL

u : T
Z

5 8@
u

BDE I?B AHC@HabB BE �IB
u 6= x

= Hb\CD u[t/x] = u
Z P? H J\?� Γ `FOL u : T

Z GI@D�IB
u

BDE I?B AHC@HabB = �B�@ ?B k BIE �ECB ACH@ �IB kHC bH C�ibB Ý� ÚØÖ Ô D@ a@B? �IB
u : T ∈ ΓBE J\?� u : T ∈ {x : S} ∪ Γ

BE B?s? kHC bH C�ibB Ý� ÚØÖ Ô=
{x : S} ∪ Γ `FOL u : T

Z
5 8@

u
BDE I?B �\?DEH?EB = u 6= x

Z Q b\CD u[t/x] = u
Z P? H J\?� Γ `FOL u : T

Z GI@D�IB
uBDE I?B �\?DEH?EB = �B�@ ?B k BIE �ECB ACH@ �IB kHC bH C�ibB Ý� ÚØÖ Ô D@ a @B? �IB

u : T ∈ ΓBE J\?� u : T ∈ {x : S} ∪ Γ
BE B?s? kHC bH C�ibB Ý� ÚØÖ Ô=

{x : S} ∪ Γ `FOL u : T
Z
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u

BDE JB bH ^\C` B
f(t1, ..., tn)

= Hb\CD u[t/x] = f(t1[t/x], ..., tn[t/x])
Z P? H J\?�

Γ `FOL f(t1[t/x], ..., tn[t/x]) : T
Z 6B�@ ?B k BIE �ECB ACH@ �IB kHC bH C�ibB õ �Û �Ó�× Ô D@

a@B? �IB b �\? H FiHbB` B?E
Γ `FOL ti[t/x] : Ti

=
0 < i ≤ n

= BE
f : T1, ..., Tn → T ∈ Γ

Z
GHC j�k\Ej�DB JB CF�ICCB?�B = \? H a@B? {x : S} ∪ Γ `FOL ti : Ti

Z h\?� kHC bH C�ibBõ �Û �Ó�× Ô= \? �\?�bIE �IB
{x : S} ∪ Γ `FOL f(t1, ..., tn) : T

Z
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x
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I?B D\CEB =
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I?B kC\k\D@E@\? BE
ΓI? B?A @C\??B`B?E Z 8@

x 6∈ Γ
=
x

? �HkkHCH¬E kHD JH?D
P

=
Γ `FOL P [t/x] bf

BE
Γ `FOL t : SHb\CD {x : S} ∪ Γ `FOL P bf

Z
� ÕÔ��Ô 1 kHC CF�ICCB?�B DIC bH DECI�EICB JB

P
Z
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P = >

Hb\CD {x : S} ∪ Γ `FOL P bf
kHC ÓØ× �Ó�× ÔZ

5 8@
P = ⊥

Hb\CD {x : S} ∪ Γ `FOL P bf
kHC âØÓ�Ó�× ÔZ
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P

BDE JB bH ^\C` B
t1 = t2

= Hb\CD P [t/x]
BDE JB bH ^\C` B

t1[t/x] = t2[t/x]
J �HkC�D bHJFs?@E@\? JB bH DIaDE@EIE@\? Z GI@D�IB

x
? �HkkHCH¬E kHD JH?D

P
= Hb\CD x

? �HkkHCH¬E
?@ JH?D
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?@ JH?D

t2
Z P? ?B kBIE HA\@C

Γ `FOL P [t/x] bf
�I �B? Hkkb@�IH?E bHC�ibB Ô��Ó�× Ô D@ a @B? �IB b �\? H

Γ `FOL t1[t/x] : T
BE

Γ `FOL t2[t/x] : T
Z hB kbID

x 6∈ Γ
BE

Γ `FOL t : S
Z h\?� kHC bB )0��0 �= \? JFJI@E

{x : S} ∪ Γ `FOL t1 : T
BE

{x : S}∪Γ `FOL t2 : T
Z ¦?s? = kHC Ô��Ó�× Ô= \? B? �\?�bIE �IB

{x : S}∪Γ `FOL t1 = t2
bf

= � �BDE]�]J@CB �IB
{x : S} ∪ Γ `FOL P bf

Z
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P
BDE JB bH ^\C` B

R(t1, ..., tn)
= Hb\CD P [t/x]

BDE JB bH ^\C` B
R(t1[t/x], ..., tn[t/x])J �HkC�D bH JFs?@E@\? JB bH DIaDE@EIE@\? Z GI@D�IB
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? �HkkHCH¬E kHD JH?D
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? �HkkHCH¬E JH?D HI�I? ti
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Z P? ?B k BIE HA\@C
Γ `FOL P [t/x] bf

�I �B?Hkkb@�IH?E bH C�ibB × ÕÔð�Ó�× Ô D@ a @B? �IB b �\? H
Γ `FOL ti[t/x] : Ti

BE
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Γ
Z hB kbID = x 6∈ Γ

BE
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Z h\?� kHC bB )0��0 � = \? JFJI@E
{x : S}∪Γ `FOL

ti : Ti

Z ¦?s? = kHC × ÕÔð�Ó�× Ô= \? B? �\?�bIE �IB
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BDE JB bH ^\C` B
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= Hb\CD P [t/x]
BDE JB bH ^\C` B
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Z P? ?B kBIE HA\@C

Γ `FOL P [t/x] bf
�I �B? Hkkb@�IH?E bH C�ibBÝÛð�Ó�× Ô D@ a @B? �IB b �\? H

Γ `FOL A[t/x] bf
BE

Γ `FOL B[t/x] bf
Z hB kbID = x 6∈ ΓBE

Γ `FOL t : S
Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B = \? JFJI@E

{x : S} ∪ ΓA bf
BE

{x : S}∪Γ `FOL B bf
Z ¦?s? = kHC ÝÛð�Ó�× Ô= \? B? �\?�bIE �IB

{x : S}∪Γ `FOL A∧B
bf

= � �BDE]�]J@CB �IB
{x : S} ∪ Γ `FOL P bf
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P
BDE JB bH ^\C` B

A ∨ B
= Hb\CD P [t/x]

BDE JB bH ^\C` B
A[t/x] ∨ B[t/x]
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?@ JH?D
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Z P? ?B kBIE HA\@C
Γ `FOL P [t/x] bf

�I �B? Hkkb@�IH?E bH C�ibBØÕ�Ó�× Ô D@ a @B? �IB b �\? H
Γ `FOL A[t/x] bf

BE
Γ `FOL B[t/x] bf

Z hB kbID = x 6∈ ΓBE
Γ `FOL t : S

Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B = \? JFJI@E
{x : S} ∪ ΓA bf

BE
{x : S}∪Γ `FOL B bf

Z ¦?s? = kHC ÝÛð�Ó�× Ô= \? B? �\?�bIE �IB
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bf
= � �BDE]�]J@CB �IB
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A → B
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Γ `FOL A[t/x] bf

BE
Γ `FOL B[t/x] bf

Z hB kbID = x 6∈ Γ
BE
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Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B = \? JFJI@E
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BE
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kBIE HA\@C

Γ `FOL P [t/x] bf
�I �B? Hkkb@�IH?E bH C�ibB õ ØÕÝò ò�Ó�× Ô D@ a @B? �IB b �\? H
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? �HkkHCH¬E kHD JH?D
Q

BE
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G kHC I?B ?\IABbbB AHC@HabB �I@ ? �� HkkHCH¬E kHD BE J@�FCB?EB JB
x
Z 8@?\?

P [t/x]BDE J\?� JB bH ^\C` B
∃y : T,Q[t/x]

J �HkC�D bH JFs?@E@\? JB bH DIaDE@EIE@\? Z P? ?B

L�



kBIE HA\@C
Γ `FOL P [t/x] bf

�I �B? Hkkb@�IH?E bH C�ibB Ô� ÚÙÓÙ�Ó�× Ô D@ a @B? �IB b �\? H
y 6∈ Γ

BE
{y : T} ∪ Γ `FOL Q[t/x] bf

Z GI@D�IB
x 6∈ Γ

BE
x 6= y

Hb\CD x 6∈ {y : T} ∪ Γ
Z

y 6∈ Γ
BE

Γ `FOL t : S
J\?� J �HkC�D bB )0��0 �

{y : T} ∪ Γ `FOL t : S
Z ¦?s? =

x
? �HkkHCH¬E kHD JH?D

Q
BE

{y : T} ∪ Γ `FOL Q[t/x] bf
J\?� kHC j�k\Ej�DB JB

CF�ICCB?�B {x : S; y : T} ∪ Γ `FOL Q bf
Z
y 6= x

BE
y 6∈ Γ

J\?� y 6∈ {x : S} ∪ Γ
Z h �\ß =

kHC Ô� ÚÙÓÙ�Ó�× Ô=
{x : S} ∪ Γ∃y : T,Q bf

= � �BDE]�]J@CB {x : S} ∪ Γ `FOL P bf
Z

YH@?EB?H?E �IB b �\? J@Dk\DB JB E\ID bBD \IE@bD ?F�BDDH@CBD = ?\ID k\IA\?D B?s? kCF]
DB?EBC bBD C�ibBD J �@?^FCB?�B JB bH JFJI�E@\? ?HEICBbbB Z 6BbbBD]�@ A\?E ?\ID k BC` BEECB JB
AFC@sBC �I �I?B kC\k\D@E@\? BDE AHb@JB JH?D I? �\?EBSEB J\??F Z 7\ID HA\?D J\?� a BD\@? JB
� �ä ÔÖ ÔÛÓÙ ðÔ × ÕÔ��Ô Ü @bD HIC\?E bH ^\C` B

Γ; ∆ |= P
�I@ D@i?@sB �IB JH?D b �B?A@C\??B` B?E

Γ
= D\ID bBD j�k\Ej�DBD

∆
= @b BS @DEB I?B JF`\?DECHE@\? JB

P
Z 2H EjF\C@B JH?D bH�IBbbB b �\?DB kbH�B ?B DBCH kHD kCF�@DFB k B?JH?E I?B kCBIAB = BbbB DBCH D@`kbB` B?E F?\?�FB HAH?E Z

¥\@�@ bBD C�ibBD JB bH JFJI�E@\? ?HEICBbbB 1
üú

P ∈ ∆
þüüÿ��ûú÷ø

Γ; ∆ |= P

Γ; ∆ |= P Γ; ∆ |= Q þøùýúøû�÷
Γ; ∆ |= P ∧ Q

Γ; ∆ |= P ∧ Q þøùý��ú� �
Γ; ∆ |= P

Γ; ∆ |= P ∧ Q þøùý��ú��
Γ; ∆ |= Q

Γ; ∆ |= P Γ `FOL Q bf ÷�ýúøû�÷ �
Γ; ∆ |= P ∨ Q

Γ; ∆ |= Q Γ `FOL P bf ÷�ýúøû�÷�
Γ; ∆ |= P ∨ Q

Γ; ∆ |= P ∨ Q Γ; ∆∪ |= P → R Γ; ∆∪ |= Q → R ÷�ý��ú�
Γ; ∆ |= R

Γ; ∆ ∪ {P} |= Q Γ `FOL P bf ú��ýúøû�÷
Γ; ∆ |= P → Q

Γ; ∆ |= P → Q Γ; ∆ |= P ú��ý��ú�
Γ; ∆ |= Q

Γ; ∆ ∪ {P} |= ⊥ Γ `FOL P bf ø÷ûýúøû�÷
Γ; ∆ |= ¬P

Γ; ∆ |= P Γ; ∆ |= ¬P ø÷ûý��ú�
Γ; ∆ |= ⊥

û÷�ýúøû�÷
Γ; ∆ |= >

Γ; ∆ |= ⊥ Γ `FOL P bf ÷ûý��ú�
Γ; ∆ |= P

L9



{x : S} ∪ Γ; ∆ |= Püú
x 6∈ Γ �û

x
ø �þ��þ�þ�û �þü ùþøü ∆ 
÷�þ��ýúøû�÷

Γ; ∆ |= ∀x : S, P

Γ; ∆ |= ∀x : S, P Γ `FOL t : S 
÷�þ��ý��ú�
Γ; ∆ |= P [t/x]

Γ; ∆ |= P [t/x] Γ `FOL t : Süú
x 6∈ Γ �û

x
ø �þ��þ�þ�û �þü ùþøü

P �� úüûüýúøû�÷
Γ; ∆ |= ∃x : S, P

Γ; ∆ |= ∃x : S, P {x : S} ∪ Γ; ∆ ∪ {P} |= Qüú
x
ø �þ��þ�þ�û �þü ùþøü ∆ ∪ {Q} �� úüûüý��ú�

Γ; ∆ |= Q

>?B JF`\?DECHE@\? D\ID I? B?DB`abB J �HS @\` BD BDE Hb\CD I? HCaCB J\?E �jH�IB ?IJ
BDE FE@�IBEF kHC I?B kC\k\D@E@\? = EBb �IB bH kC\k\D@E@\? FE@�IBEH?E I? ?\BIJ D\@E kC\JI@EB
kHC I?B JBD C�ibBD JB JFJI�E@\? �@]JBDDID Z 2BD ^BI@bbBD J\@AB?E �ECB JBD C�ibBD ÝÙÙ�Ö× ÓÚØÛ BE
bH CH�@?B BDE FE@�IBEFB kHC bH �\?�bID@\? 1 � �BDE bH kC\k\D@E@\? �IB b �\? �jBC�jB � JF`\?ECBC Z

¦SB`kbB 1 hH?D I?B EjF\C@B FiHb@EH@CB = ` \?ECBC bH D�`FEC@B JB b �FiHb@EF DIC bBD B?E@BCD Z
P? J@Dk\DB k\IC �BbH JB JBIS HS @\` BD 1

∀y1 : Int , y1 = y1

�I@ DBCH HkkBbF ÚðÔÛÓÚÓÞ BE
∀z1 : Int ,∀x1 : Int ,∀y1 : Int , x1 = y1 → y1 = z1 → z1 = x1

�I@ DBCH HkkBbFB ÓÕÝÛÙÚÓÚ�ÚÓÞZ

πaux

þüüÿ��ûú÷ø
Γ; ∆ |= x = y ú��ý��ú�

Γ; ∆ |= (y = y) → (y = x)

úù�øûúû�
Γ; ∆ |= ∀y1 : Int , y1 = y1

þ� ú÷��
Γ `FOL y : Int 
÷�þ��ý��ú�

Γ; ∆ |= y = y ú��ý��ú�
Γ; ∆ = {x = y} |= y = x ú��ýúøû�÷

Γ = [x : Int ; y : Int ]; ∅ |= x = y → y = x 
÷�þ��ýúøû�÷
[x : Int ]; ∅ |= ∀y : Int , x = y → y = x 
÷�þ��ýúøû�÷

[]; ∅ |= ∀x : Int ,∀y : Int , x = y → y = x

πaux =

πend

þ� ú÷��
Γ `FOL x : Int 
÷�þ��ý��ú�

Γ; ∆ |= ∀y1 : Int , (x = y1) → (y1 = y) → (y = x)
þ� ú÷��

Γ `FOL y : Int 
÷�þ��ý��ú�
Γ; ∆ |= (x = y) → (y = y) → (y = x)

πend =

��úøú 
Γ; ∆ |= ∀z1 : Int ,∀x1 : Int ,∀y1 : Int , x1 = y1 → y1 = z1 → z1 = x1

þ� ú÷��
Γ `FOL y : Int 
÷�þ��ý��ú�

Γ; ∆ |= ∀x1 : Int ,∀y1 : Int , (x1 = y1) → (y1 = y1) → (y1 = x1)
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2BD kC\k\D@E@\?D ` Hb ^\C` FBD ?B J\@AB?E kHD k \IA\@C �ECB JF`\?ECFBD Z 6B�@ BDE HDDICF
kHC bB EjF\C�` B DI@AH?E �I@ D@i?@sB �IB D �@b BS @DEB I?B kCBIAB J �I?B kC\k\D@E@\? = � �BDE �IB
�BbbB]�@ BDE a@B? ^\C` FB Z

7\ID HIC\?D a BD\@? JB JBIS bB``BD DIkkbF` B?EH@CBD k\IC �BbH Ü bB EjF\C�` B DI@E Z
)0��0 � 1 8\@B?E

x
I?B AHC@HabB = t I? EBC` B =

S
BE

T
JBIS D\CEBD BE

Γ
I? B?A@C\??B]

` B?E Z 8@
{x : S} ∪ Γ `FOL t : T

BE �IB
x

? �HkkHCH¬E kHD JH?D
t
= Hb\CD Γ `FOL t : T

Z
� ÕÔ��Ô 1 kHC CF�ICCB?�B DIC bH EH@bbB JB

t
Z

5 8@
t

BDE I?B AHC@HabB = t 6= x
kI@D�IB

x
? �HkkHCH¬E kHD JH?D

t
Z P? ?B kBIE HA\@C

{x : S}∪Γ `FOL t : T
�IB kHC bH C�ibB Ý� ÚØÖ Ô BE J\?� DBIbB` B?E D@

t : T ∈ {x : S}∪Γ
Z

h H?D �B �HD t : T ∈ Γ
kI@D�IB

t 6= x
Z ¦E J\?� kHC Ý� ÚØÖ Ô= \? H a@B? Γ `FOL t : T

Z
5 8@

t
BDE I?B �\?DEH?EB = t 6= x

Z P? ?B k BIE HA\@C
{x : S} ∪ Γ `FOL t : T

�IB kHC bHC�ibB Ý� ÚØÖ Ô BE J\?� DBIbB` B?E D@
t : T ∈ {x : S}∪Γ

Z h H?D �B �HD t : T ∈ Γ
kI@D�IB

t 6= x
Z ¦E J\?� kHC Ý� ÚØÖ Ô= \? H a@B? Γ `FOL t : T

Z
5 8@

t
BDE JB bH ^\C` B

f(t1, ..., tn)
= \? DH@E �IB

x
? �HkkHCH¬E JH?D HI�I? ti

_
0 ≤ i ≤ n

d
kI@D�IB

x
? �HkkHCH¬E kHD JH?D

t
Z hB kbID \? ?B k BIE HA\@C

{x : S}∪Γ `FOL t : T
�IB

kHC bH C�ibB õ �Û�Ó�× Ô D@ a @B? �IB b �\? H FiHbB` B?E
f : T1, ..., Tn → T ∈ {x : S} ∪ ΓBE

{x : S} ∪ Γ `FOL ti : Ti

Z P C =
x

? �HkkHCH¬E JH?D HI�I? ti
BE bBD ti

D\?E E\ID kbIDk BE@ED �IB
t
Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B = \? H

Γ `FOL ti : Ti

BE kHC õ �Û �Ó�× Ô
\? H a@B? Γ `FOL f(t1, ..., tn) : T

\I B?�\CB Γ `FOL t : T
Z

)0��0 �! 1 8\@B?E
x

I?B AHC@HabB = S
I?B D\CEB =

P
I?B kC\k\D@E@\? BE

Γ
I? B?A@]

C\??B`B?E Z 8@
{x : S} ∪ Γ `FOL P bf

BE �IB
x

? �HkkHCH¬E kHD JH?D
P

= Hb\CD Γ `FOL P
bf

Z
� ÕÔ��Ô 1 kHC CF�ICCB?�B DIC

{x : S} ∪ Γ `FOL P bf
Z

5 8@ bH JBC?@�CB C�ibB BDE ÓØ× �Ó�× Ô=
P = >

BE
Γ `FOL > bf

kHC ÓØ× �Ó�× ÔZ
5 8@ bH JBC?@�CB C�ibB BDE âØÓ�Ó�× Ô=

P = ⊥
BE

Γ `FOL ⊥ bf
kHC âØÓ�Ó�× ÔZ

5 8@ bH JBC?@�CB C�ibB BDE Ô��Ó�× Ô=
P

BDE J\?� JB bH ^\C` B
t1 = t2

BE b �\? H
{x :

S} ∪ Γ `FOL t1 : T
BE

{x : S} ∪ Γ `FOL t2 : T
Z GI@D�IB

x
? �HkkHCH¬E kHD JH?D

P
=

� �BDE �IB
x

? �HkkHCH¬E ?@ JH?D
t1

?@ JH?D
t2

Z h\?� kHC bB )0��0 �
Γ `FOL t1 : TBE

Γ `FOL t2 : T
Z ¦E J\?� kHC Ô��Ó�× Ô=

Γ `FOL t1 = t2 bf
\I B?�\CB Γ `FOL P bf5 8@ bH JBC?@�CB C�ibB BDE × ÕÔð�Ó�× Ô=

P
BDE J\?� JB bH ^\C` B

R(t1, ..., tn)
BE b �\? H

R : [T1; ...; Tn] ∈ {x : S} ∪ Γ
BE

{x : S} ∪ Γ `FOL ti : Ti

=
0 ≤ i ≤ n

Z GI@D�IB
x? �HkkHCH¬E kHD JH?D

P
= Hb\CD x

? �HkkHCH¬E JH?D HI�I? JBD
ti
Z h\?� kHC bB )0��0 �

Γ `FOL ti : Ti

BE kHC × ÕÔð�Ó�× Ô \? H a@B? Γ `FOL R(t1, ..., tn) bf
\I B?�\CB Γ `FOL P

bf
Z

5 8@ bH JBC?@�CB C�ibB BDE ÝÛð�Ó�× Ô=
P

BDE J\?� JB bH ^\C` B
A ∧ B

BE b �\? H
{x :

S} ∪Γ `FOL A bf
BE

{x : S} ∪Γ `FOL B bf
Z hB kbID = x ? �HkkHCH¬E kHD JH?D

P
J\?�

x
? �HkkHCH¬E ?@ JH?D

A
?@ JH?D

B
Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B \? \aE@B?E�IB

Γ `FOL A bf
BE

Γ `FOL B bf
Z h �\ß = kHC ÝÛð�Ó�× Ô=

Γ `FOL A ∧ B bf
\I B?�\CB

Γ `FOL P bf
Z

5 8@ bH JBC?@�CB C�ibB BDE ØÕ�Ó�× Ô=
P

BDE J\?� JB bH ^\C` B
A∨B

BE b �\? H
{x : S}∪Γ `FOL

A bf
BE

{x : S}∪Γ `FOL B bf
Z hB kbID = x ? �HkkHCH¬E kHD JH?D

P
J\?� x

? �HkkHCH¬E
?@ JH?D

A
?@ JH?D

B
Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B \? \aE@B?E �IB

Γ `FOL A
bf

BE
Γ `FOL B bf

Z h �\ß = kHC ØÕ�Ó�× Ô=
Γ `FOL A ∨ B bf

\I B?�\CB Γ `FOL P bf
Z

;N



5 8@ bH JBC?@�CB C�ibB BDE ÚÖ× �Ó�× Ô=
P

BDE J\?� JB bH ^\C` B
A → B

BE b �\? H
{x :

S} ∪Γ `FOL A bf
BE

{x : S} ∪Γ `FOL B bf
Z hB kbID = x ? �HkkHCH¬E kHD JH?D

P
J\?�

x
? �HkkHCH¬E ?@ JH?D

A
?@ JH?D

B
Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B \? \aE@B?E�IB

Γ `FOL A bf
BE

Γ `FOL B bf
Z h �\ß = kHC ÚÖ× �Ó�× Ô=

Γ `FOL A → B bf
\I B?�\CB

Γ `FOL P bf
Z

5 8@ bH JBC?@�CB C�ibB BDE ÚÖ× �Ó�× Ô=
P

BDE J\?� JB bH ^\C` B
¬Q

BE b �\? H
{x : S}∪Γ `FOL

Q bf
Z hB kbID = x

? �HkkHCH¬E kHD JH?D
P

J\?� x
? �HkkHCH¬E kHD JH?D

Q
Z h\?� kHC

j�k\Ej�DB JB CF�ICCB?�B \? \aE@B?E �IB
Γ `FOL Q bf

Z h �\ß = kHC Û ØÓ�Ó�× Ô=
Γ `FOL ¬Q

bf
\I B?�\CB Γ `FOL P bf

Z
5 8@ bH JBC?@�CB C�ibB BDE õ ØÕÝò ò�Ó�× Ô=

P
BDE J\?� JB bH ^\C` B

∀y : T,Q
HAB� y 6= x

BE
x

? �HkkHCH¬E kHD JH?D
Q

kI@D�IB
x

? �HkkHCH¬E kHD JH?D
P

Z hB kbID \? H
y 6∈ {x :

S} ∪ Γ
BE

{y : T ; x : S} ∪ Γ `FOL Q bf
Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B kI@D�IB

x 6∈ {y : T} ∪ Γ
_�HC x 6= y

BE
x 6∈ Γ

d = \? \aE@B?E {y : T} ∪ Γ `FOL Q bf
Z ¦E J\?�kHC õ ØÕÝò ò�Ó�× Ô kI@D�IB

y 6∈ Γ
_�HC y 6∈ {x : S} ∪ Γ

d = \? H a@B? Γ `FOL ∀y : T,Q bf\I B?�\CB Γ `FOL P bf
Z

5 8@ bH JBC?@�CB C�ibB BDE Ô� ÚÙÓÙ�Ó�× Ô=
P

BDE J\?� JB bH ^\C` B
∃y : T,Q

HAB� y 6= x
BE

x
? �HkkHCH¬E kHD JH?D

Q
kI@D�IB

x
? �HkkHCH¬E kHD JH?D

P
Z hB kbID \? H

y 6∈ {x :
S} ∪ Γ

BE
{y : T ; x : S} ∪ Γ `FOL Q bf

Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B kI@D�IB
x 6∈ {y : T} ∪ Γ

_�HC x 6= y
BE

x 6∈ Γ
d = \? \aE@B?E {y : T} ∪ Γ `FOL Q bf

Z ¦E J\?�kHC Ô� ÚÙÓÙ�Ó�× Ô kI@D�IB
y 6∈ Γ

_�HC y 6∈ {x : S} ∪ Γ
d = \? H a@B? Γ `FOL ∃y : T,Q bf\I B?�\CB Γ `FOL P bf

Z
"��,-#�0 � 1 8\@B?E

Γ
I? B?A@C\??B`B?E =

∆
I? �\?EBSEB BE

P
I?B kC\k\D@E@\? Z 8@

Γ `FOL ∆ bf
= BE

Γ; ∆ |= P
= Hb\CD Γ `FOL P bf

Z
� ÕÔ��Ô 1 kC\�FJ\?D kHC CF�ICCB?�B DIC bH kCBIAB

Γ; ∆ |= P
1

5 8@ bH JBC?@�CB C�ibB JB �BEEB kCBIAB BDE ÝÙÙ�Ö× ÓÚØÛ= � �BDE �IB
P ∈ ∆

Z PC \? DH@E �IB
k\IC E\IE

H ∈ ∆
=
Γ `FOL H bf

Z h\?� B? kHCE@�Ib@BC kI@D�IB
P ∈ ∆

=
Γ `FOL P bf

Z
5 8@ bH JBC?@�CB C�ibB BDE ÝÛð�ÚÛÓÕØ=

P
BDE J\?� JB bH ^\C` B

A∧B
BE \? H

Γ; ∆ |= A
BE

Γ; ∆ |= B
Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B = \? H

Γ `FOL A bf
BE

Γ `FOL B bf
_
∆CBDEB bB ` �`Bd Z 2H C�ibB ÝÛð�Ó�× Ô ?\ID J@E Hb\CD �IB

Γ `FOL A ∧ B bf
= � �BDE]�]J@CB�IB

Γ `FOL P bf
Z

5 8@ bH JBC?@�CB C�ibB BDE ÝÛð�ÞòÚÖ $= � �BDE �IB b �\? H
Γ; ∆ |= P ∧ Q

Z GHC j�k\Ej�DB
JB CF�ICCB?�B = \? DH@E J\?� �IB

Γ `FOL P ∧ Q bf
Z PC �B�@ ?B k BIE �ECB DHE@D^H@E

�I �B? Hkkb@�IH?E � �B ¡ IiB` B?E bH C�ibB ÝÛð�Ó�× Ô= D@ a @B? �IB b �\? kBIE B? �\?�bICB
Γ `FOL P bf

BE
Γ `FOL Q bf

Z P? H a@B? Γ `FOL P bf
Z

5 hB `�`B = D@ bH JBC?@�CB C�ibB BDE ÝÛð�ÞòÚÖ % = \? H
Γ; ∆ |= Q ∧ P

BE kHC j�k\Ej�DB
JB CF�ICCB?�B = \? H

Γ `FOL Q∧P bf
Z 8BIbB bH C�ibB ÝÛð�Ó�× Ô kBIE]�ECB IE@b@DFB k\IC

DHE@D^H@CB �B ¡ IiB` B?E BE b �\? H J\?� Γ `FOL P bf
Z

5 8@ bH JBC?@�CB C�ibB BDE ØÕ�ÚÛÓÕØ$=
P

BDE J\?� JB bH ^\C` B
A∨B

BE b �\? H
Γ; ∆ |= A

BE
Γ `FOL B bf

Z GHC j�k\Ej�DB JB CF�ICCB?�B = \? B? JFJI@E
Γ `FOL A bf

�I@ = HDD\�@F�
Γ `FOL B bf

BE kHC bH C�ibB ØÕ�Ó�× Ô= k BC` BE J �\aEB?@C Γ `FOL A ∨ B bf
= D\@E

Γ `FOL P bf
Z

5 hB `�`B D@ bH JBC?@�CB C�ibB BDE ØÕ�ÚÛÓÕØ% =
P

BDE JB bH ^\C` B
A∨B

BE kHC j�k\Ej�DB
JB CF�ICCB?�B = \? H

Γ `FOL B bf
Z QAB� Γ `FOL A bf

BE kHC bH C�ibB ØÕ�Ó�× Ô \?
\aE@B?E Γ `FOL A ∨ B bf

= D\@E
Γ `FOL P bf

Z

; L



5 8@ bH JBC?@�CB C�ibB BDE ØÕ�ÞòÚÖ = � �BDE �I �@b BS @DEB I? �BCEH@? A
BE I? �BCEH@? B

EBbD�IB
Γ; ∆ |= A ∨ B

=
Γ; ∆ |= A → P

BE
Γ; ∆ |= B → P

Z GHC j�k\Ej�DB JB CF�ICCB?�BDIC
Γ; ∆ |= A → P

= \? JFJI@E
Γ `FOL A → P bf

= �I@ ?B k BIE �ECB ACH@ �IB kHC bHC�ibB ÚÖ× �Ó�× Ô= D@ a@B? �IB
Γ `FOL P bf

Z
5 8@ bH JBC?@�CB C�ibB BDE ÚÖ× �ÚÛÓÕØ=

P
BDE JB bH ^\C` B

A → B
BE \? H

Γ; ∆∪{A} |= BBE
Γ `FOL A bf

Z hB �B JBC?@BC ^H@E BE JB
Γ `FOL ∆ bf

= \? DH@E �IB
Γ `FOL ∆ ∪ {A}

bf
Z h �\ß Γ `FOL B bf

kHC j�k\Ej�DB JB CF�ICCB?�B Z QAB� Γ `FOL A bf
BE kHC bHC�ibB ÚÖ× �Ó�× Ô \? \aE@B?E J\?� Γ `FOL A → B bf

= \I B?�\CB Γ `FOL P bf
Z

5 8@ bH JBC?@�CB C�ibB BDE ÚÖ× �ÞòÚÖ = � �BDE �I �@b BS @DEB I? �BCEH@? Q
EBb �IB Γ; ∆ |= Q → PBE

Γ |= Q
Z GHC j�k\Ej�DB JB CF�ICCB?�B = \? H a@B? Γ `FOL Q → P bf

�I@ ?B k BIE
�ECB \aEB?I �I �B? Hkkb@�IH?E bH C�ibB ÚÖ× �Ó�× ÔZ 6B �I@ ABIE J@CB �IB b �\? H

Γ `FOL Q
bf

BE DICE\IE
Γ `FOL P bf

Z
5 8@ bH JBC?@�CB C�ibB BDE Û ØÓ�ÚÛÓÕØ=

P
BDE J\?� JB bH ^\C` B

¬Q
k\IC I? �BCEH@? & BE

b �\? H
Γ `FOL Q bf

Z h\?� kHC Û ØÓ�Ó�× Ô= \? H a@B? Γ `FOL ¬Q bf
BE J\?� Γ `FOL P

bf
Z

5 8@ bH JBC?@�CB C�ibB BDE Û ØÓ�ÞòÚÖ @b ^HIE `\?ECBC
Γ `FOL ⊥ bf

= �B �I@ BDE @`` FJ@HEB]
` B?E ACH@ J �HkC�D bH C�ibB âØÓ�Ó�× ÔZ

5 8@ bH JBC?@�CB C�ibB BDE ÓØ× �ÚÛÓÕØ= @b ^HIE ` \?ECBC
Γ `FOL > bf

= �B �I@ BDE @``FJ@H]
EB` B?E ACH@ J �HkC�D ÓØ× �Ó�× ÔZ

5 8@ bH JBC?@�CB C�ibB BDE âØÓ�ÞòÚÖ @b ^HIE ` \?ECBC
Γ `FOL P bf

�I@ BDE I?B kCF` @DDB Z
5 8@ bH JBC?@�CB C�ibB BDE õ ØÕÝò ò�ÚÛÓÕØ=

P
BDE JB bH ^\C` B

∀x : S,Q
Z �\IE J �Ha \CJ = \?

DH@E �IB
x

? �HkkHCH¬E kHD JH?D
∆

BE
Γ `FOL ∆ bf

= J\?� kHC bB )0��0 � = \? \aE@B?E
{x : S} ∪ Γ `FOL ∆ bf

Z QAB� �B�@ BE bH kCF` @DDB JB bH C�ibB = {x : S} ∪ Γ; ∆ |= Q
=

BE kHC j�k\Ej�DB JB CF�ICCB?�B = \? JFJI@E
{x : S} ∪ Γ `FOL Q bf

Z 4b DI� E Hb\CDJ �Hkkb@�IBC � �BbH bH C�ibB õ ØÕÝò ò�Ó�× Ô _
x 6∈ Γ

J �HkC�D bB �HD õ ØÕÝò ò�ÚÛÓÕØd k\IC B?
JFJI@CB

Γ `FOL ∀x : S,Q bf
BE J\?� Γ `FOL P bf

Z
5 8@ bH JBC?@�CB C�ibB BDE õ ØÕÝò ò�ÞòÚÖ =

P
BDE JB bH ^\C` B

Q[t/x]
BE b �\? H

Γ; ∆ |= ∀x : S,QBE
Γ `FOL t : S

Z GHC j�k\Ej�DB JB CF�ICCB?�B = \? H
Γ `FOL ∀x : S,Q bf

Z 6B�@ ?B
k BIE �ECB \aEB?I �I �B? Hkkb@�IH?E bH C�ibB õ ØÕÝò ò�Ó�× Ô D@ a @B? �IB b �\? H FiHbB` B?E
{x : S}∪Γ `FOL Q bf

BE
x 6∈ Γ

Z GI@D�IB
{x : S}∪Γ `FOL Q bf

BE �IB
Γ `FOL t : S

=
Hb\CD kHC bB )0��0 � =

Γ `FOL Q[t/x] bf
BE J\?� Γ `FOL P bf

Z
5 8@ bH JBC?@�CB C�ibB BDE Ô� ÚÙÓÙ�ÚÛÓÕØ=

P
BDE JB bH ^\C` B

∃x : S,Q
BE b �\? H

Γ; ∆ |= Q[t/x]BE
Γ `FOL t : S

Z GHC j�k\Ej�DB JB CF�ICCB?�B = \? H
Γ `FOL Q[t/x] bf

Z hB �B�@ BE
kI@D�IB

x 6∈ Γ
=
x

? �HkkHCH¬E kHD JH?D
Q

BE
Γ `FOL t : S

Hb\CD = kHC bB )0��0 � =
{x : S} ∪ Γ `FOL Q bf

Z ¦?s? = kI@D�IB
x 6∈ Γ

= \? k BIE Hb\CD Hkkb@�IBC bH C�ibBÔ� ÚÙÓÙ�Ó�× Ô k\IC \aEB?@C Γ `FOL ∃x : S,Q bf
\I B?�\CB Γ `FOL P bf

Z
5 8@ bH JBC?@�CB C�ibB BDE Ô� ÚÙÓÙ�ÞòÚÖ = \? H

Γ; ∆ |= ∃x : S,Q
=
{x : S}∪Γ; ∆∪{Q} |= PBE

x
? �HkkHCH¬E kHD JH?D

∆∪{P}
Z �\IE J �Ha\CJ = kHC j�k\Ej�DB JB CF�ICCB?�B = \? H

Γ `FOL ∃x : S,Q bf
Z ¦E �B�@ ?B k BIE �ECB ACH@ �I �B? Hkkb@�IH?E bH C�ibB Ô� ÚÙÓÙ�Ó�× Ô

D@ a @B? �IB b �\? H
{x : S}∪Γ `FOL Q bf

BE
x 6∈ Γ

Z hB kbID = \? DH@E �IB
x

? �HkkHCH¬E
kHD JH?D

∆∪{P}
= J\?� x

? �HkkHCH¬E kHD ?@ JH?D
∆

?@ JH?D
P

Z QAB� Γ `FOL ∆ bf
BE

kHC bB )0��0 � = \? \aE@B?E �IB
{x : S}∪Γ `FOL ∆ bf

Z GI@D�IB
{x : S}∪Γ `FOL ∆

bf
BE

{x : S} ∪ Γ `FOL Q bf
= Hb\CD {x : S} ∪ Γ `FOL ∆ ∪ {Q} bf

Z P? kBIE Hb\CDIE@b@DBC B?�\CB I?B ^\@D b �j�k\Ej�DB JB CF�ICCB?�B = @�@ DIC
{x : S}∪Γ; ∆∪{Q} |= P

=
k \IC JFJI@CB �IB

{x : S}∪Γ `FOL P bf
Z hB kbID = \? DH@E �IB

x
? �HkkHCH¬E kHD JH?D

P
J\?� kHC bB )0��0 �! =

Γ `FOL P bf
Z

;;
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7\ID HA\?D JF�C@E JH?D bH DB�E@\? kCF�FJB?EB I? bH?iHiB k BC` BEEH?E J �BSkC@` BC J@^]
^FCB?ED F?\?�FD BE JBD \IE@bD k BC` BEEH?E JB bBD JF` \?ECBC Z Y H@D �B bH?iHiB BDE HDDB  k BI
BSkCBDD@^ = JI ^H@E �IB bBD �IH?E@s�HE@\?D BE bBD HCiI`B?ED JBD ^\?�E@\?D BE kCFJ@�HED ?B
k BIAB?E �ECB �IB JBD \a¡ BED JB E�k B D@` kbB Z GHC BSB`kbB = @b BDE @`k\DD@abB J �BSkC@` BC bB^H@E �IB E\IEB ^\?�E@\? JB

N
JH?D

N
HJ` BE I? ` @?@`I` Z

hBkI@D b\?iEB`kD `H@?EB?H?E = �BCEH@?D ` HEjF` HE@�@B?D DB D\?E B�\C�FD JB ^\C` Hb@DBC
bBD ` HEjF` HE@�IBD Hs? JB k\IA\@C B? FEIJ@BC bBD kC\kC@FEFD Z

2 �\C@i@?B JI 6Hb�Ib JBD 6\?DECI�E@\?D 4?JI�E@ABD �\``B?�B B? LK<; b\CD�IB 6jIC�j@?EC\JI@E bB λ
]�Hb�Ib kIC Z 6B ^\C` Hb@D` B �I@ H k\IC HAH?EHiB J ��ECB BSEC�` B`B?E D@` kbB_< C�ibBD JB ^\C` HE@\? JBD EBC` BD BE I?B DBIbB C�ibB JB �Hb�Ibd BDE I? kHCHJ@i` B JB bHkC\iCH``HE@\? ^\?�E@\??BbbB BE @b H bB ` �`B k\IA\@C J �BSkCBDD@\? �IB bBD ` H�j@?BD JB

�IC@?i Z
8IC bH aHDB JB �B λ

]�Hb�Ib = J @�FCB?ED D�DE�` BD E�k FD \?E Hb\CD AI bB ¡ \IC �\``B bB
λ

�ñÝòñ� ò Ù ÚÖ× òÔÖ ÔÛÓ Ó�× Þ= bB Ù�ÙÓóÖ Ô
F

= bB Ù�ÙÓóÖ Ô
Fω

= bB 0Ýòñ� ò ðÔÙ 0ØÛÙÓÕ� ñÓÚØÛÙ kI@D
bB 0Ýòñ� ò ðÔÙ 0ØÛÙÓÕ� ñÓÚØÛÙ 1Ûð� ñÓÚ�ÔÙ � �IB b �\? ?\EBCH 664 � kCFDB?E Z 6BD D�DE�` BD
DB JBAH@B?E HAH?E E\IE J ��ECB �\jFCB?ED = B?DI@EB JB EB?@C �\`kEB J �I?B BSkCBDD@A @EF HIDD@
C@�jB �IB k\DD@a bB Z

7\ID ?B kCFDB?E\?D kHD E\ID �BD �Hb�IbD ` H@D DBIbB` B?E bB 664 Z 2B bB�EBIC @?EFCBDDF
k BIE DB CF^FCBC � ¢LM£ k\IC I?B kCFDB?EHE@\? �\`kb�EB JB �BD �Hb�IbD H@?D@ �IB JB bBICCBbHE@\? B?ECB BIS Z ¦? CBAH?�jB ?\ID kCFDB?E\?D JBD �\?DECI�E@\?D kHCE@�Ib@�CBD JI 664
J\?E �BCEH@?BD DB EC\IAB?E JF¡ � JH?D J �HIECBD JBD D�DE�` BD �@EFD Z¦�B�E@AB` B?E = @b ^HIE A\@C �BD D�DE�` BD �\``B I?B j@FCHC�j@B \ß �jH�I? BDE kbID C@�jB�IB D\? kCFJF�BDDBIC kHC b �@?EC\JI�E@\? JB ?\IABbbBD �\?DECI�E@\?D Z 7\ID J\??\?D JBD
BSB`kbBD JB �BD �\?DECI�E@\?D k\IC H@JBC bB bB�EBIC � �\`kCB?JCB HI s?Hb bH C@�jBDDB JI
664 Z

G\IC �B JBC?@BC = ?\ID kCFDB?E\?D bH iCH``H@CB JBD EBC` BD H@?D@ �IB bBD C�ibBD JB
E�kHiB = JB a\??B ^\C` HE@\? BE JB JFJI�E@\? _�I@ D\?E @?EC@?D��IB` B?E b@FBD �\``B ?\ID
bB ABCC\?D kHC bH DI@EBd Z >?B kCFDB?EHE@\? �\`kb�EB k BIE �ECB EC\IAFB JH?D ¢L£ BE JH?D ¢L;£ Z

�\IE J �Ha\CJ = bB 664 @?EC\JI@E bH ?\E@\? JB Ó�× ÔÙ ÙÚÖ× òÔÙZ 6BEEB ?\E@\? BDE DB`abHabB� �BbbB JB bH b\i@�IB JI kCB` @BC \CJCB `IbE@D\CEFB JFs?@B JH?D bH DB�E@\? kCF�FJB?EB Z¦?DI@EB = \? � EC\IAB bB × Øò�Ö ØÕ× � ÚÙÖ Ô �I@ AH kBC` BEECB J �HaDECH@CB I? EBC` B kHC
CHkk\CE � I? E�kB Z P? kBIE Hb\CD BSkC@` BC I?B ^\?�E@\? @JB?E@EF DIC E\ID bBD E�k BD Z >?B
EBbbB ^\?�E@\? kCB?J B? HCiI`B?E I? E�kB = I? \a¡ BE JB �B E�k B BE CBE\IC?B �BE \a¡ BE Z2 �ØÕðÕÔ Ù�× ÞÕÚÔ�Õ A@B?E D �H¡ \IEBC � �BD �\?DECI�E@\?D k\IC BSkC@` BC JBD kC\k\D@E@\?D
HaDECH@EBD kHC CHkk\CE � J �HIECBD kC\k\D@E@\?D Z hH?D �B bH?iHiB = E\IE \a¡ BE H J\?� I?
E�kB = � �\`kC@D bBD E�k BD BIS]` �`BD Z 2BD ^\?�E@\?D k BIAB?E Hb\CD kCB?JCB B? HCiI` B?E
JBD kC\k\D@E@\?D k\IC B? CBE\IC?BC JB ?\IABbbBD Z2BD Ó�× ÔÙ ðÞ× ÔÛðÝÛÓÙ BDE I?B ?\E@\? @?EC\JI@EB k\IC BSkC@` BC JBD kC\kC@FEFD DIC bBDEBC` BD Z G\IC BSB`kbB = \? H@` BCH@E k\IA\@C kHCbBC JBD B?E@BCD kH@CD B? EH?E �I �B?DB`abB ZP? ABIE J\?� k\IA\@C ^H@CB JFk B?JCB bBD E�k BD kHC CHkk\CE � JBD EBC` BD Z

;<



¦?s? = bBD Ó�× ÔÙ ÚÛð� ñÓÚõ Ù A @B??B?E �\`kbFEBC E\IEBD �BD �\?DECI�E@\?D k \IC �IB = �
kHCE@C JI

λ
]�Hb�Ib kIC = \? \aE@B??B bB 664 Z >? E�kB @?JI�E@^ BDE bH CBkCFDB?EHE@\? J �I?BHbi�aCB b@aCB B?iB?JCFB kHC I? ?\`aCB s?@ JB �\?DECI�EBICD Z hBD \a¡ BED D@`kbBD �\``B

bBD B?E@BCD = ` H@D HIDD@ k bID �\`kbBSBD �\``B bH CBbHE@\? B?ECB I?B b@DEB J �\a¡ BED BE bH EH@bbBJB �BEEB b@DEB = k BIAB?E Hb\CD �ECB JFs?@D Z hB kbID = I?B �\?DECI�E@\? kHCE@�Ib@�CB HIS E�kBD
@?JI�E@^D bBIC BDE HDD\�@FB 1 bB D�jF` H J �ÞòÚÖ ÚÛÝÓÚØÛ õ ØÕÓÔZ 6B kC@?�@k B k BC` BE ?\EH``B?E
JB s bECBC I? \a¡ BE J �I? E�kB @?JI�E@^ � ECHABCD bBD �\?DECI�EBICD JB �B E�k B Z ¦?s? = JB kHC
bB kC@?�@k B J �Fb@` @?HE@\? ^\CEB = \? kBIE FiHbB` B?E JFs?@C JBD ^\?�E@\?D ÕÞñ�ÕÙÚ�ÔÙZ

7\ID ? �BSkb@�I\?D kHD B? JFEH@b bBD kC@?�@k BD J �Fb@` @?HE@\? ^\CEB ?@ B? �I\@ bB 664 CBDEB
�\jFCB?E ` HbiCF JBD �\?DECI�E@\?D �\``B bBD E�k BD @?JI�E@^D \I bBD ^\?�E@\?D CF�ICD@ABD Z6BkB?JH?E = I?B kCBIAB �\`kb�EB JB �\jFCB?�B BDE J\??FB JH?D ¢; L£ Z

È Éæ Éæ ÊËÌ ïËÏîËÌ
7\ID Hbb\?D ` H@?EB?H?E kCFDB?EBC bH iCH``H@CB JBD EBC` BD JI 664 Ü �IBb�IBD BSkb@�H]E@\?D BE BSB`kbBD DI@AC\?E Z 6\``B B? b\i@�IB JI kCB` @BC \CJCB = \? J@Dk\DB J �I? B?DB`abB@?s?@ JB AHC@HabBD Z
5

Prop
BDE I? EBC` B Z 4b CBkCFDB?EB b �B?DB`abB kHCE@�Ib@BC JBD kC\k\D@E@\?D Ü

5
Set

BDE I? EBC` B Z ��k@�IB`B?E = I? \a¡ BE JB E�k B
Set

BDE I? B?DB`abB Ü
5

TypeSet
BDE I? EBC` B Z 4b CBkCFDB?EB bB E�k B JB E\ID bBD E�k BD Z

5 D@
x

BDE I?B AHC@HabB = x
BDE I? EBC` B Z

5 D@
T

BE
U

D\?E JBD EBC` BD = Hb\CD (T U)
BDE I? EBC` B Z 6 �BDE b �Ý×× òÚñÝÓÚØÛ JB

U
�

T
Ü

5 D@
x

BDE I?B AHC@HabB = T
BE

U
JBIS EBC` BD = Hb\CD λx : T, U

BDE I? EBC` B Z 6 �BDE
b �ÝâÙÓÕÝñÓÚØÛ �I@ k BC` BE JB ^\C` BC JBD ^\?�E@\?D Ü

5 D@
x

BDE I?B AHC@HabB = T
BE

U
JBIS EBC` BD = Hb\CD ∀x : T, U

BDE I? EBC` B Z 6 �BDE bB× ÕØð� ÚÓ ðÞ× ÔÛðÝÛÓZ 4b k BC` BE JB ^\C` BC JBD E�k BD �I@ JFk B?JB?E JB EBC` BD Z 2 ?\EBC
�IB D@

x
? �HkkHCH¬E kHD JH?D

U
= bB kC\JI@E BDE Hb\CD Û ØÛ ðÞ× ÔÛðÝÛÓ BE BDE ?\EF

T → U
Ü

5 D@
x1

= ZZZ =
xn

=
I1

= ZZZ=
Im

=
c1

= ZZZ=
ck

D\?E JBD AHC@HabBD = T1

= ZZZ=
Tn

=
C1

= ZZZ=
Ck

D\?E
JBD EBC` BD BE

Ar1

= ZZZ=
Arm

D\?E JBD ÝÕÚÓÞÙ _
Prop

=
Set

\I I? kC\JI@E J �HC@EFd = Hb\CD
Ind [x1 : T1; ...; xn : Tn](I1 : Ar1; Im : Arm := c1 : C1

à ZZZ à
ck : Ck)

BDE I? EBC` B Z 6BE
\a¡ BE CBkCFDB?EB I? _JBDd E�k B _D `IEIBbbB` B?Ed @?JI�E@^ _Dd Ü

5 D@
I

BDE I? E�kB @?JI�E@^ �I@ H HI `\@?D
i �\?DECI�EBIC = Hb\CD Constr(i, I)

BDE I?
EBC` B Z 4b CBkCFDB?EB bB i

�` B �\?DECI�EBICD JB
I

Ü
5 D@

x11
= ZZZ=

xnin

D\?E JBD AHC@HabBD = c1
= ZZZ=

cn

JBD �\?DECI�EBICD BE
m

=
T

=
f1

= ZZZ=
fn

JBD
EBC` BD = Hb\CD case(m,T, (c1 x11

ZZZ
x1i1 ⇒ f1

à ZZZ à
cn xn1

ZZZ
xnin ⇒ fn)

BDE I? EBC` B Z
4b �\CCBDk\?J HI sbECHiB JI EBC` B

m
BE HIS EBC` BD CBE\IC?FD Hb\CD Ü

5 D@
f1

= ZZZ=
fn

D\?E JBD AHC@HabBD BE
A1

= ZZZ=
An

=
F1

= ZZZ=
Fn

D\?E JBD EBC` BD = Hb\CD Fix

fi [f1 : A1 := F1

Ü ZZZ Ü
fn : An := Fn]

BDE I? EBC` B _
1 ≤ i ≤ n

d Z 6 �BDE bB EBC` B
�\CCBDk \?JH?E � bH i

�` B ^\?�E@\? JI ab\� JB JF�bHCHE@\? JB ^\?�E@\?D `IEIBbbB` B?E
CF�ICD@ABD Z

;M



T ::= Propà
Setà
xà
(T T )à
λx : T, Tà
∀x : T, Tà
Ind [x : T

Ü ZZZ Ü
x : T ](x : Ar

Ü ZZZ Ü
x : Ar := x : T

à ZZZ à
x : T )à

Constr(i, x)
D@

i
BDE I? B?E@BC

à
case(T, T, Constr(i, x) x

ZZZ
x ⇒ T

à ZZZ à
Constr(i, x) x

ZZZ
x ⇒ T )à

Fix x [x : T := T
Ü ZZZ Ü

x : T := T ]BE
Ar ::= Prop

à
Set

à
∀x : T,Ar

¦SB`kbBD 1 2BD BSkCBDD@\?D DI@AH?EBD D\?E JBD EBC` BD JI 664 1
5

λA : Set , λx : A, x
BDE bH ^\?�E@\? @JB?E@EF k\b�` \CkjB Ü

5
Ind [](nat : Set := 0 : nat

à
S : nat → nat)

JF�C@E b �B?DB`abB JBD B?E@BCD ?HEICBbD Ü
5

(((λA : Set , λx : A, x) nat) (S 0))
BDE b �Hkkb@�HE@\? JB bH ^\?�E@\? @JB?E@EF k\b�]

`\CkjB � b �B?DB`abB nat
BE JB b �FbF` B?E

S
N Z 7\ID ABCC\?D kHC bH DI@EB �\``B?E

ñÝòñ� òÔÕ bB CFDIbEHE J �I?B EBbbB Hkkb@�HE@\? Ü
5
∀f : nat → nat ,∀x : nat , f x = x

D@i?@sBCH = b\CD�IB bB D�`a\bB 3 DBCH JFs?@ = �IB
E\IEB ^\?�E@\? JBD B?E@BCD ABCD bBD B?E@BCD BDE b �@JB?E@EF Ü D@ bH AFCH�@EF JB �BEEB kC\]
k\D@E@\? kBIE �ECB � jBICBIDB` B?E � ` @DB B? J\IEB = \? kBIE �Bk B?JH?E b �F?\?�BC Ü

5
Fix plus [plus : nat → nat → nat := λn : nat , λm : nat , case(n, nat , 0 ⇒ m

à
S

p ⇒ S(plus p m))]
BDE bH ^\?�E@\? J �HJJ@E@\? JB JBIS B?E@BCD Z hH?D bB �\CkD JI

case
=

bB m
CBkCFDB?EB bB CBE\IC JB bH ^\?�E@\? plus b\CD�IB bB EBC` B sbECF = @�@ n

= BDE D\ID bH^\C` B JI kCB` @BC �\?DECI�EBIC JB
nat

= J\?� N Z ¦?DI@EB DB EC\IAB bB �HD JI DB�\?J
�\?DECI�EBIC BE �\CCBDk\?J � bH âÕÝÛ ñ� Ô

S p ⇒ S(plus p m)
Z

2H ?F�BDD@EF JB JFs?@C bBD @?JI�E@^D J �I?B kHCE BE bBD ^\?�E@\?D CF�ICD@ABD J �HIECB kHCE
JH?D JBD ab\ �D BDE J@CB�EB` B?E B? CHkk\CE HAB� bH �\jFCB?�B JI bH?iHiB Z ¦?�\CB I?B ^\@D =
?\ID ? �B?EC\?D kHD JH?D bBD JFEH@bD @�@ kI@D�IB �B ? �BDE kHD b �HDk B�E �\jFCB?E JI 664 �I@
?\ID @?EFCBDDB = ` H@D bH k\DD@a @b@EF J �I?B ECHJI�E@\? ABCD I?B b\i@�IB kbID ^H@a bB Z
È Éæ É� çèÎéêË ë ì ÑÒÒË íÑÏîéïÐÑÒ

6\``B B? b\i@�IB JI kCB` @BC \CJCB `IbE@D\CEF = \? J@Dk \DB J �Hbi\C@Ej` BD k BC` BEEH?E
JB EBDEBC D@ I?B BSkCBDD@\? BDE a@B? E�kFB \I ?\? Z >?B ^\@D JB kbID = ?\ID Hbb\?D IE@b@DBCJBD C�ibBD J �@?^FCB?�B BE JBD ¡ IiB` B?ED JB E�kHiB Z 4�@ = ?\ID Hbb\?D B? CFHb@EF JFs?@C JBIS
?\E@\?D �I@ ^BC\?E HkkBb b �I?B � b �HIECB Z P? JFs?@E bH DIaDE@EIE@\? BE b �HkkHC@E@\? JB ^H¤\?
D@` @bH@CB HI kCB` @BC \CJCB Ü bBD b@BICD D\?E @�@ bB λ

BE bB ∀ = BE bH DIaDE@EIE@\? J �I?B AHC@HabB
x

kHC I? EBC` B
t
JH?D I? EBC` B

u
DBCH ?\EF

u{t/x}
Z

G\IC AFC@sBC bB E�k B J �I? EBC` B = ?\ID HA\?D a BD\@? J �I? \a¡ BE �\``B b �B?A@C\??B` B?E
B? b\i@�IB JI kCB` @BC \CJCB `IbE@D\CEFB ZP? J@Dk\DB E\IE J �Ha\CJ J �I? ñØÛÓÔ� ÓÔ òØñÝòZ 6 �BDE I?B b@DEB \CJ\??FB JB JF�bHCHE@\?D\I JB JFs?@E@\?D JB AHC@HabBD 1

;O



G ::= []à
(x : T ) :: Gà
(x := T : T ) :: G

P? J@Dk\DB FiHbB` B?E J �I? ÔÛ�ÚÕØÛÛ ÔÖ ÔÛÓ ä òØâÝò �I@ BDE I?B b@DEB \CJ\??FB JB JF�bH]CHE@\?D \I JB JFs?@E@\?D JB �\?DEH?EBD Z P? kBIE � @?DFCBC JBD \a¡ BED kbID �\`kbBSBD �IB
JH?D bB �HD JBD �\?EBSEBD b\ �HIS 1

E ::= []à
(c : T ) :: Eà
(c := T : T ) :: Eà
Ind [x : T

Ü ZZZ Ü
x : T ](x : Ar

Ü ZZZ Ü
x : Ar := x : T

à ZZZ à
x : T ) :: E

6B�@ FEH?E JFs?@ = ?\ID HIC\?D a BD\@? JB JBIS ^\?�E@\?D = b �I?B k BC` BEEH?E JB EBDEBC D@
I? FbF` B?E DB EC\IAB JH?D I?B b@DEB = ?\EF e ∈ l

= BE bH �\?�HEF?HE@\? JB JBIS b@DEBD = ?\EF l1c l2
�I@ CBE\IC?B I?B b@DEB J\?E bBD kCB` @BCD FbF` B?ED D\?E �BIS JB

l1
BE J\?E bBD FbF` B?ED

DI@AH?ED D\?E �BIS JB
l2

= bBD \CJCBD JBD FbF` B?ED CBDk B�E@^D JBD JBIS b@DEBD FEH?E �\?DBCAFD Z
QkkHCEB?H?�B � I?B b@DEB 1
5 QI�I? FbF` B?E ? �HkkHCE@B?E � bH b@DEB A@JB ¢£
5

e ∈ x :: l
D@ BE DBIbB` B?E D@

e = x
\I

e ∈ l
Z

6\?�HEF?HE@\? JB JBIS b@DEBD 1
5

[] c l = l5
(e :: l1)

c l2 = e :: (l1
c l2)

Z
7\ID H¡ \IE\?D � �BbH bH ?\EHE@\?

c :! T ∈ E
�I@ D@i?@sB �IB 1

5
c : T ∈ E

\I
5 @b BS @DEB I? �BCEH@? EBC` B E EBb �IB

c := t : T ∈ E
Z

2B E�kHiB J �I? EBC` B AH J\?� DB ^H@CB JH?D I? B?A @C\??B`B?E ib\aHb BE JH?D I?
�\?EBSEB b\ �Hb Z 2B k\@?E @` k\CEH?E FEH?E �IB bBD FbF` B?ED JI �\?EBSEB b\ �Hb k BIAB?E
JFk B?JCB JBD FbF` B?ED JB b �B?A@C\??B`B?E ib\aHb = bB �\?ECH@CB ? �FEH?E kHD k BC` @D Z hB
kbID = b �\CJCB @` k\DF HI DB@? JB �BD \a¡ BED BDE bB DI@AH?E 1 I? FbF` B?E J �I? B?A@C\??B` B?E
ib\aHb \I JI �\?EBSEB b\ �Hb ?B k BIE JFk B?JCB �IB JBD FbF` B?ED �I@ DB EC\IAB?E � DH JC\@EB Z
4b AH J\?� ^Hbb\@C AFC@sBC bH a\??B ^\C` HE@\? JBD �\IkbBD B?A @C\??B`B?E ib\aHb l �\?EBSEB
b\ �Hb Z 6B ^H@E DBCH ?\EF

WF (E; G)
�I@ D@i?@sB �IB bB �\IkbB E; G

BDE a@B? ^\C` F Z P? JFs?@E
Hb\CD bB ¡ IiB` B?E

E; G `CCI t : T
�I@ D@i?@sB �IB JH?D

E; G
= bB EBC` B

t
H k\IC E�k B

T
Z

P? ?\EB
PST b �B?DB`abB {Prop, Set ,TypeSet}

Z ¥\@�@ Hb\CD bBD C�ibBD JB E�kHiB JI 664 1
4 ý5

WF ([]; [])

E; G `CCI T : süú
s ∈ PST , c 6∈ E 6 G

4 ý7�ö �5
WF ((c : T ) :: E; G)

;:



E; G `CCI T : süú
s ∈ PST , x 6∈ E 6 G

4 ý7�ö�8
WF (E; (x : T ) :: G)

E; G `CCI t : Tüú
c 6∈ E 6 G

4 ý7�
5
WF ((c := t : T ) :: E; G)

E; G `CCI t : Tüú
x 6∈ E 6 G

4 ý7�
8
WF ((x := t : T ) :: E; G)

WF (E; G) 9� ý:�÷�
E; G `CCI Prop : TypeSet

WF (E; G) 9�ý;�û
E; G `CCI Set : TypeSet

WF (E; G)üú
c :! T ∈ E 6 G <÷øüû

E; G `CCI c : T

E; G `CCI T : s E; (x : T ) :: G `CCI U : Propüú
s ∈ PST

:�÷ùý:�÷�
E; G `CCI ∀x : T, U : Prop

E; G `CCI T : s E; (x : T ) :: G `CCI U : Setüú
s ∈ {Prop;Set} :�÷ùý;�û

E; G `CCI ∀x : T, U : Set

E; G `CCI ∀x : T, U : s E; (x : T ) :: G `CCI t : U �þ�
E; G `CCI λx : T, t : ∀x : T, U

E; G `CCI u : ∀x : T, U E; G `CCI t : T 9��
E; G `CCI (u t) : U{t/x}

8@
GP = p1 : P1

Ü ZZZ Ü
pr : Pr

=
GI = I1 : A1

Ü ZZZ Ü
Ik : Ak

BE
GC = c1 : C1

à ZZZ à
cn : Cn

=

Ind [GP ](GI := GC) ∈ E
1 ≤ j ≤ k =øùýû���

Ij : ∀p1 : P1, ...,∀pr : Pr, Aj ∈ E

Ind [GP ](GI := GC) ∈ E
1 ≤ i ≤ n =øùýö÷øüû�

ci : ∀p1 : P1, ...,∀pr : Pr, Ci{I1 p1

ZZZ
pr/I1}...{Ik p1

ZZZ
pr/Ik} ∈ E

E; GI
c GP

c G `CCI Ci : spi
E; GP

c G `CCI Aj : s′j
1 ≤ i ≤ n 	 1 ≤ j ≤ k

4 ý=øù
WF (Ind [GP ](GI := GC) :: E; G)

;�



HAB� 1
5

k > 0
= bBD Ij

BE
ci

\?E JBD ?\` D JBIS � JBIS J@DE@?�ED Ü
5 bBD Aj

D\?E JB bH ^\C` B
∀xj1 : Tj1, ...∀xjn : Tjn,Prop

\I
∀xj1 : Tj1, ...∀xjn : Tjn, Set�IBbD �IB D\@B?E

Tj1

= ZZZ=
Tjn

= BE
Ij 6∈ E c G

Ü
5 bBD Ci

D\?E JBD �\?DECI�EBICD JB E�k B
Ipi

BE
ci 6∈ E c G

Z
2H C�ibB JB E�kHiB JI

case
BDE HDDB  �\`kbBSB Z 7\ID k\D\?D E\IE J �Ha\CJ bH ?\EHE@\?

DI@AH?EB kbID �\?�@DB k\IC CBkCFDB?EBC bB E�k B JBD aCH?�jBD 1
5
{c : (Ii p1

ZZZ
pr t1

ZZZ
tp)}

P
BDE F�I@AHbB?E �

P t1
ZZZ

tp c
Ü

5
{c : ∀x : T,C}P

BDE F�I@AHbB?E �
∀x : T, {(c x) : C}P

Z

E; G `CCI c : I q1

ZZZ
qr t1

ZZZ
ts E; G `CCI fi : {(cpi

q1

ZZZ
qr)}

P

1 ≤ i ≤ l <þü�ýû���
E; G `CCI case(c, P, f1

à ZZZ à
fl) : P t1

ZZZ
ts c

HAB� 1
5

Ind [GP ](GI := GC) ∈ E
Ü

5
I ∈ Gi5
cp1

= ZZZ=
cpl

D\?E bBD DBIbD �\?DECI�EBICD JB
I
Z

E; [fn : An; ...; f1 : A1]
c G `CCI ti : Ai E; G `CCI Ai : si

1 ≤ i ≤ n > ú� ýû���
E; G `CCI Fix fi [f1 : A1 := t1

Ü ZZZ Ü
fn : An := tn] : Ai

2 �BD C�ibBD A\?E AB?@C D �H¡ \IEBC JBD C�ibBD JB �Hb�IbD Z 6BD �IHECB C�ibBD k BC` BEEB?E
JB ÕÞð� ÚÕÔ bBD EBC` BD ABCD JBD EBC` BD kbID D@` kbBD Z ¦ bbBD ¡ \IB?E I? C«bB J@CB�E DIC bBDJF` \?DECHE@\?D BE DIC bH �\jFCB?�B JI D�DE�` B Ü ?\ID B? CBkHCbBC\?D B? EB`kD A\IbI Z

β
ý�

E; G ` (λx : T, t)u →β t{u/x}

üú
t := u : T ∈ E 6 G δ

ý�
E; G ` t →δ u

ι
ý�ö

E; G ` case(cpi
q1

ZZZ
qr a1

ZZZ
am, P, f1

ZZZ
fn) →ι fi a1

ZZZ
am

1 ≤ k ≤ n ιý�>
E; G ` Fix fi F a1

ZZZ
aki →ι ti{fk/Fix fk F}

HAB� F
JB bH ^\C` B

[f1 : A1 : t1; ...; fn : An := tn]
Z

8\@B?E
→conv

bH �b«EICB �\?EBSEIBbbB JB b �I?@\? JBD EC\@D CBbHE@\?D kCF�FJB?EBD = →∗
conv

DH
�b«EICB �\?EBSEIBbbB = CF?BS @AB BE ECH?D@E@AB BE B?s?

=conv

DH �b«EICB �\?EBSEIBbbB = CF?BS @AB =
D�` FEC@�IB BE ECH?D@E@AB Z

P? \aDBCAB �I �@b BS @DEB JBD EBC` BD J\?E J@�FCB?ED D\ID]EBC` BD k BIAB?E �ECB CFJI@ED
kHC

→conv

Z
¦SB`kbB 1 JH?D

(λx : T, x) ((λy : T, y) z)
= \? k BIE Hkkb@�IBC bH β

]CFJI�E@\? HI EBC` B
E\IE B?E@BC \I a@B? HI D\ID]EBC` B

(λy : T, y) z
Z

;9



"��,-#�0 W0 �,-�*X/n*./,� @,-.0 1 8\@B?E
t
I? EBC` B JI 664 a@B? E�kF JH?D I?

B?A@C\??B` B?E ib\aHb E
BE I? �\?EBSEB b\ �Hb G

Z 4b BS @DEB I? I?@�IB
u

EBb �IB
E; G `

t →∗
conv u

BE
u

BDE @CCFJI�E@a bB k\IC bBD JBD C�ibBD JB CFJI�E@\? Z hB kbID = �IBbbB �IB D\@E
bH DECHEFi@B J �Hkkb@�HE@\? JBD C�ibBD = bH CFJI�E@\? EBC` @?B Z

"��,-#�0 W0 ��V-U�AB ,nn0- 1 8\@B?E
t1

=
t2

BE
u

JBD EBC` BD =
E

I? B?A@C\??B` B?E
ib\aHb BE

G
I? �\?EBSEB b\ �Hb Z 8@

E; G ` t1 =conv t2
= BE �IB

u
BDE H ^\C` B ?\C` HbB JB

t1
=

Hb\CD u
BDE bH ^\C` B ?\C` HbB JB

t2
Z

hBD kCBIABD JB �BD JBIS EjF\C�` BD DB EC\IAB?E JH?D ¢; L£ Z
2\CD�IB

E; G ` t →∗
conv u

BE
u

?B kBIE kHD �ECB CFJI@E = \? J@E �IB
u

BDE bH ^\C` B
?\C` HbB JB

t
= BE b\CD�IB E; G ` t =conv u

= \? J@E �IB
t
BE

u
D\?E �\?ABCE@a bBD Z2B �Hb�Ib JB bH ^\C` B ?\C` HbB BDE JF�@JHabB Z 7\ID ?\EBC\?D

E; G ` t →NF u bB ^H@E
�IB

u
BDE bH ^\C` B ?\C` HbB JB

t
JH?D

E; G
Z

2H CBbHE@\? JB �\?ABCD@\? kBC` BE Hb\CD J �@?EC\JI@CB I?B ?\IABbbB C�ibB JB E�kHiB �I@
D@i?@sB �IB JBIS E�kBD �\?ABCE@a bBD \?E bBD ` �` BD FbF` B?ED Z

G\IC �BbH = ?\ID HA\?D E\IE J �Ha\CJ aBD\@? J �@?EC\JI@CB I?B CBbHE@\? J �\CJCB JB �\?ABC]D@\?
≤conv

JFs?@B �\``B DI@E 1
5 8@

E; G ` t =conv u
Hb\CD E; G ` t ≤conv u

Z
5

E; G ` Prop ≤conv TypeSet
Z

5
E; G ` Set ≤conv TypeSet

Z
5 8@

E; G ` T =conv U
BE

E; G ` T ′ ≤conv U ′ = Hb\CD E; G ` ∀x : T, T ′ ≤conv ∀x : U,U ′ Z
2H C�ibB JB �\?ABCD@\? BDE Hb\CD 1

E; G `CCI U : s E; G `CCI t : T E; G ` T ≤conv U <÷øC
E; G `CCI t : U

ÈÉæ ÉD ÊËÌ ��îÑÒÌïÏéïÐÑÒÌ
7\ID HA\?D H@?D@ � ?\ECB J@Dk\D@E@\? bBD C�ibBD JB E�kHiB BE JB �Hb�Ib JI 664 = ?\ID

H@` BC@\?D ` H@?EB?H?E = �\``B �BbH FEH@E bB �HD k\IC bH b\i@�IB JI kCB` @BC \CJCB `IbE@D\C]EFB = J@Dk\DBC JB C�ibBD JB JFJI�E@\? k\IC CFHb@DBC JBD JF` \?DECHE@\?D DIC bBD kC\k\D@E@\?D
JB �B bH?iHiB Z GHCbBC JB �BD C�ibBD AH �ECB D@`kbB 1 @b ? �� B? H kHD = \I kbIE«E = ?\ID bBDHA\?D JF¡ � F?\?�FBD Z ¦? B�BE = JH?D �B bH?iHiB bBD C�ibBD JB JFJI�E@\? D\?E �\?^\?JIBDHAB� bBD C�ibBD JB E�kHiB Z 6B�@ BDE J¨ � b �ÚÙ ØÖ ØÕ× � ÚÙÖ Ô ðÔ 0�ÕÕ��E ØFÝÕð �IB ?\ID Hbb\?DBSkb@�IBC ` H@?EB?H?E Z

6\``B?¤\?D kHC �\?D@JFCBC bH C�ibB JB E�kHiB GÝÖ JH?D bB �HD J �I? kC\JI@E ?\?
JFkB?JH?E BE \ß

s = Prop
Z 2H C�ibB JBA @B?E Hb\CD 1

E; G `CCI T → U : Prop E; (x : T ) :: G `CCI t : U �þ�
E; G `CCI λx : T, t : T → U

;K



P? CB` HC�IB E\IE J �Ha\CJ kHC bH kCF` @DDB JB iHI�jB �IB bBD kC\k\D@E@\?D \?E I? E�kB
�I@ D �HkkBbbB Prop

Z hB kbID = kHC � ÕØð�� ÕØ× = \? DH@E �IB
E; G `CCI U : Prop

Z YH@D Hb\CD�IB k BIE D@i?@sBC �BE \a¡ BE t
�I@ BDE JB E�k B

U
J �HkC�D bH kCF` @DDB JB JC\@EB H 8@ \? DI@E

bH b\i@�IB �I@ J@E �I �I? E�kB ? �BDE ?@ kbID ?@ ` \@?D �I �I? B?DB`abB J �\a¡ BED = Hb\CD bBDkC\k\D@E@\?D JBA@B?JCH@B?E JBD B?DB`abBD Z Y H@?EB?H?E = CFF�C@A\?D �BEEB ` �`B C�ibB B? ?B
�\?D@JFCH?E �IB bB E�k B JBD \a¡ BED 1

E; G `CCI Prop E; T :: G `CCI U

E; G `CCI T → U

P? A\@E ?HEICBbbB` B?E HkkHCH¬ECB bB ÚÖ× �ÚÛÓÕØ JB bH b\i@�IB JI kCB` @BC \CJCB Z ¦?
^CH?¤H@D = �BEEB C�ibB k\ICCH@E DB ECHJI@CB kHC © D �@b BS @DEB I?B kCBIAB JB

U
B? DIkk\DH?E

T
= Hb\CD @b BS @DEB I?B kCBIAB JB

T → U
ªZ 4b DI� E J\?� JB JFs?@C bBD kC\k\D@E@\?D �\``B

JBD B?DB`abBD J\?E bBD \a¡ BED B? D\?E bBD kCBIABD = BE JH?D �B �HD = J @CB �IB
t

H bB E�k B
UD@i?@sB D@`kbB` B?E �I �@b BS @DEB I?B kCBIAB JB

U
BE �IB bB EBC` B JB kCBIAB �\CCBDk\?JH?E

BDE
t
Z 2BD C�ibBD JB E�kHiB JI 664 D\?E FiHbB` B?E JBD C�ibBD JB �\?DECI�E@\?D JB EBC` BD

JB kCBIAB Z
6 �BDE �B kHCHJ@i` B JBD kC\k\D@E@\?D �\``B E�kBD �IB b �\? HkkBbbB b �@D\`\Ckj@D` B JB

6ICC�]I\mHCJ Z 6BE @D\` \Ckj@D` B ?\ID J@E �IB JFEBC` @?BC I?B kCBIAB J �I?B �BCEH@?B kC\]
k\D@E@\? BDE F�I@AHbB?E � JFEBC` @?BC I? EBC` B J\?E bB E�k B BDE bH kC\k\D@E@\? B? �IBDE@\? Z

8@ bBD �\??B�EBICD ∀
BE

→
DB EC\IAB?E @?@E@HbB` B?E JH?D bH iCH``H@CB JI bH?iHiB =�I �B? BDE]@b JBD HIECBD �\??B�EBICD b\i@�IBD H ¦? ^H@E = @b ? �BDE kHD a BD\@? JB bBD k\DBC JB

^H¤\? kC@` @E@AB 1 @bD k BIAB?E �ECB JFs?@D HI DB@? ` �` B JI bH?iHiB �\``B DI@E Z
hFs?@E@\? JB

True
= FiHbB` B?E ?\EF

>
1

Ind [](True : Prop := I : >)
>

? �H J\?� �I �I?B DBIbB kCBIAB 1
I
Z G\ICEH?E \? k\ICCH@E EC\IABC I? EBC` B J@�FCB?E JB

I
�I@ D\@E I?B kCBIAB JB

>
Z 4b DI� E k\IC �BbH = kHC BSB`kbB = JB kCB?JCB bB EBC` B �\?DE@EIFJB bH ^\?�E@\? @JB?E@EF DIC bBD kC\k\D@E@\?D = � bH�IBbbB b �\? Hkkb@�IB I

1
(λx : Prop, x) I

Z
¦�B�E@AB` B?E Z 8HI^ �IB k\IC E�k BC �B EBC` B B?

>
= @b ^HIE IE@b@DBC bH C�ibB JB �\?ABCD@\? Z

2B ^H@E BDE �IB b\CD�IB b �\? kHCbB J �I? EBC` B = \? B? kHCbB `\JIb\ �\?ABCE@a @b@EF Z Q @?D@
bBD EBC` BD �\?ABCE@a bBD D\?E �\?^\?JID _@bD DB �Hb�IbB?E ABCD bB ` �`B \a¡ BE 1 bBIC ^\C` B
?\C` HbB �\``I?Bd BE

I
BDE a@B? b �I?@�IB kCBIAB JB

>
Z

hFs?@E@\? JB
False

= FiHbB` B?E ?\EF
⊥

1
Ind [](False : Prop :=)4b DB`abB FA @JB?E �IB

⊥
?B J\@E kHD HA\@C JB kCBIAB k\IC DHE@D^H@CB bH �\jFCB?�B JI

D�DE�` B Z
hFs?@E@\? JB

and
= ?\EF

∧
B? @?sSB 1

Ind [A : Prop
Ü
B : Prop](and : Prop := conj : A → B → A ∧ B)

hFs?@E@\? JB
or

= ?\EF
∨

B? @?sSB 1
Ind [A : Prop

Ü
B : Prop](or : Prop := or Jintrol : A → A ∨ B

à
or Jintror : A → A ∨ B)

hFs?@E@\? JB
ex

= FiHbB` B?E ?\EF
∃

1
Ind [A : TypeSet

Ü
P : A → Prop](ex : Prop := ex Jintro : ∀x : A,P x → ex P )

<N



hH?D �BEEB JFs?@E@\? =
P

H k\IC E�k B
A → Prop

Z h H?D bB �HD \ß
P

BDE JB bH ^\C` B
λx : A,Q

\ß
Q

H k\IC E�k B
Prop

= Hb\CD ex P
= �I@ BDE F�I@AHbB?E �

ex (λx : A,Q)
= k \ICCH

�ECB ?\EF
∃x : A,Q

Z
hFs?@E@\? JB

not
= FiHbB` B?E ?\EF

¬
1

¬ := λA : Prop, A → ⊥2B
¬

? �BDE J\?� B? CFHb@EF �I �I? Hb@HD Z
P? kBIE FiHbB` B?E JFs?@C b �FiHb@EF eq

= ?\EF 3 B? @?sSB = kHC bB a@H@D JBD E�k BD @?JI�E@^D 1
Ind [A : TypSet

Ü
x : A](eq : A → Prop := refl Jequal : x = x)

P? CBEC\IAB H@?D@ bH DF` H?E@�IB JB b �@?EC\JI�E@\? JBD �\??B�EBICD b\i@�IBD Z 2BIC Fb@]
` @?HE@\? BDE I?B �\?DF�IB?�B J@CB�EB JB bBIC JFs?@E@\? BE JB b �Fb@` @?HE@\? ^\CEB Z 7\ID
Hbb\?D J\?� J\??BC bBD EBC` BD BE bBD E�k BD JB b �Fb@` @?HE@\? JBD �\??B�EBICD 1

TrueJind := λP : Prop, λf : P, λt : True, case(t, P, I ⇒ f)h\?� JH?D I? B?A@C\??B`B?E \ß
True

BDE JF�bHCF �\``B kCF�FJB``B?E =
TrueJindHICH k\IC E�k B 1

∀P : Prop, P → True → P
Z

FalseJind := λP : Prop, λf : False, case(f, P, [])GI@D�IB
False

? �H HI�I? �\?DECI�EBIC = Hb\CD I? sbECHiB DIC I?B kCBIAB JB
False

H bH
b@DEB A@JB k\IC EC\@D@�` B HCiI`B?E Z hH?D I? B?A @C\??B`B?E \ß

False
BDE JF�bHCF �\``B

kCF�FJB``B?E =
FalseJind

HICH J\?� k\IC E�k B 1
∀P : Prop,False → P

Z

and Jind := λA : Prop, λB : Prop, λP : Prop, λf : A → B → P, λh : A ∧
B, case(h, P, conj A B a b ⇒ f a b)h\?� JH?D I? B?A @C\??B`B?E \ß

and
BDE JF�bHCF �\``B kCF�FJB``B?E =

and JindHICH k\IC E�k B 1
∀A : Prop,∀B : Prop,∀P : Prop, A → B → P → A ∧ B → P

Z

or Jind := λA : Prop, λB : Prop, λP : Prop, λh1 : A → P, λh2 : B → P, λh :
A ∨ B, case(h, P, or Jintrol A B a ⇒ h1 a

à
or Jintror A B b ⇒ h2 b)h\?� JH?D I? B?A@C\??B` B?E \ß

or
BDE JF�bHCF �\``B kCF�FJB``B?E =

or Jind
HICH

k\IC E�k B 1
∀A : Prop,∀B : Prop,∀P : Prop, (A → P ) → (B → P ) → A ∨ B → P

Z

ex Jind := λA : TypeSet , λP : A → Prop, λP0 : Prop, λf : ∀x : A,P x → P0, λe : ex

P, case(e, P0, ex Jintro A P x Px ⇒ f x Px)h\?� JH?D I? B?A@C\??B` B?E \ß
ex

BDE JF�bHCF �\``B kCF�FJB``B?E =
ex Jind

HICH
k\IC E�k B 1

∀A : TypeSet ,∀P : A → Prop,∀P0 : Prop, (∀x : A,P x → P0) → ex P → P0

Z
¦?s? = @b BS @DEB FiHbB` B?E I? JBDECI�EBIC JB b �FiHb@EF ` H@D J\?E bB EBC` B BDE HDDB 

�\`kbBSB Z 7\ID ?B J\??\?D @�@ �IB D\? E�kB 1
eq Jind : ∀A : TypSet ,∀x : A,∀P : A →

Prop, P x → ∀y : A, x = y → P y

7\ID J@Dk\D\?D � kCFDB?E JBD D�jF` HD J �@?EC\JI�E@\? BE J �Fb@` @?HE@\? JBD �\??B�]EBICD b\i@�IBD Z 2 kHCE@C JB ` H@?EB?H?E = ?\ID DIkk\DBC\?D �IB E\IE B?A@C\??B` B?E ib\aHb
�\?E@B?E �BD JFs?@E@\?D Z h\??\?D Hb\CD I? BSB`kbB JB kCBIAB JH?D bB 664 Z

¦SB`kbB 1 `\?ECBC �IB
∀A : Prop,∀B : Prop, A ∧ B → A ∨ B

Z

< L



��k@�IB` B?E = `\?ECBC I?B EBbbB kC\k\D@E@\? B? F�C@AH?E I? HCaCB JB kCBIAB �\`kbBE BDE
^HDE@J@BIS BE bBD kHCE@BD @?EFCBDDH?EBD JB bH kCBIAB DB k BCJB?E JH?D bBD kHCE@BD EC@A @HbBD Z 2B
aIE JI ¡ BI BDE kbIE«E JB �\`kCB?JCB b �@D\`\Ckj@D` B JB 6ICC�]I\mHCJ Hs? JB �\?DECI@CB
bB EBC` B JB kCBIAB © � bH ` H@? ªZ

GHC BSB`kbB = \? kBIE �\``B?�BC kHC \aDBCABC �IB bH kC\k\D@E@\? �\``B?�B kHC EC\@D
∀

DI��BDD@^D _CHkkBb\?D]?\ID �IB bB →
BDE I? �HD kHCE@�Ib@BC JB

∀
d Z Q @?D@ bB EBC` B JB

kCBIAB JB �BEEB kC\k\D@E@\? �\``B?�BCH kHC
λA : Prop, λB : Prop, λh : A ∧ B

Z G\IC
JF` \?ECBC

A ∨ B
= bB k bID D@`kbB BDE B?�\CB J �BDDH�BC J �IE@b@DBC bH JFs?@E@\? JI

∨
BE

J\?� b �I? JBD JBIS �\?DECI�EBICD or Jintrol
\I

or Jintror
Z 8Bb\? �IB b �\? �j\@D@DDB b �I?\I b �HIECB = ?\ID DBC\?D B?DI@EB H` B?FD � EC\IABC I? EBC` B JB kCBIAB k\IC

A
\I k\IC

B
= �B �I@ @?EI@E@AB` B?E DB`abB k\DD@a bB JH?D bBD JBIS �HD AI �IB b �\? J@Dk\DB J �I?BkCBIAB JB

A ∧ B
Z 6j\@D@DD\?D JB ` \?ECBC

A
Z Q b\CD ?\ECB EBC` B JB kCBIAB DB �\`kb�EBB?

λA : Prop, λB : Prop, λh : A ∧ B, or Jintrol A B t
= \ß

t
BDE I?B kCBIAB JB

A
Z

3BDEB J\?� � JFEBC` @?BC
t
Z G\IC HA\@C I?B kCBIAB JB

A
� kHCE@C JB

A ∧ B
= \? H@` BCH@E

k\IA\@C © JFECI@CB ª \I kbIE«E © Fb@` @?BC ª bB ∧ Z G\IC �BbH = \? J@Dk\DB JF¡ � JB bH ^\?�E@\?
and Jind

_\? k\ICCH@E FiHbB` B?E kHDDBC kHC I? sbECHiB = ` H@D �BbI @]�@ BDE D\ID]B?EB?JI JH?D
and Jind

d Z 8@
u := λa : A, λb : B, a

= \? H a@B? u : A → B → A
Z Q b\CD = bB EBC` B

and Jind

A B A u h
H a@B? bB E�k B

A
Z q @?HbB` B?E = @b DI� E JB CB`kbH�BC t

kHC �B EBC` B k\IC \aEB?@CI?B kCBIAB JB ?\ECB kC\k\D@E@\? @?@E@HbB 1
λA : Prop, λB : Prop, λh : A ∧ B, or Jintrol A

B (and Jind A B A u h)
BDE JB E�k B

∀A : Prop,∀B : Prop, A ∧ B → A ∨ B
Z

<;



¯ ° u± }|�x K

L � ¯ ¯ � u� ± �x{ }x� ��y �x { � w|}z��| M

' ¸· NÂ)À¾*Å¼º+
YH@?EB?H?E �IB b �\? H JF�C@E bBD JBIS b\i@�IBD ` @DBD B? ¡ BI = ?\ID Hbb\?D EB?EBC = HIEH?E

�IB k\DD@abB = JB ECHJI@CB bBD BSkCBDD@\?D JB bH b\i@�IB bH kbID C@�jB ABCD bH b\i@�IB bH `\@?D
BSkCBDD@AB Z

6BkB?JH?E = @b ?B ^HIE kHD k BCJCB JB AIB ?\ECB \a¡ B�E@^ 1 k \IA\@C IE@b@DBC JBD Hbi\C@Ej` BD
JB JF�@D@\? DIC I?B ^\C`IbB DB EC\IAH?E Ý × ÕÚØÕÚ JH?D I? �\?EBSEB J �\CJCB DIkFC@BIC Z Q @?D@ =
?\ECB ECHJI�E@\? JBACH @`kFCHE@AB` B?E �\?DBCABC bH Ó�×ÝâÚòÚÓÞ � bB ^H@E J ��ECB a@B? E�kF \I
?\? � Ü JB kbID = bH × ÕØ��ÝâÚòÚÓÞ � bB ^H@E J ��ECB kC\IAHabB \I ?\? � J\@E CBDEBC �\CCB�EB Z6B D\?E bBD EjF\C�` BD �I@ DBC\?E JF`\?ECFD JH?D bH JBIS @�` B DB�E@\? JB �B �jHk@ECB Z

8@ bH ECHJI�E@\? JBD BSkCBDD@\?D DB`abB HDDB  FA@JB?EB _bB ∧
JI 664 DB ECHJI@CH ?H]

EICBbbB` B?E B? bB ∧
JI kCB` @BC \CJCBd = @b ^HIE D �HDDICBC �IB �BCEH@?BD �\?J@E@\?D D\?E

B�B�E@AB` B?E CBDk B�EFBD Z ¦E � �BDE kCF�@DF` B?E JFEBC` @?BC bBD �\?J@E@\?D � DHE@D^H@CB �I@
�\?DE@EIB E\IEB bH J@� �IbEF JI kC\¡ BE = kI@D�IB �B D\?E JB �BbbBD]�@ �IB JF�\IbB?E bBD EjF\]
C�` BD JB E�kHa@b@EF BE JB �\CCB�E@\? Z

4b BDE � ?\EBC bB C«bB kC@`\CJ@Hb JBD �\??B�EBICD b\i@�IBD 1 �BIS]�@ BS @DEB?E B? b\i@�IBJI kCB` @BC \CJCB `IbE@D\CEF ` H@D ?B k BIAB?E kHD �ECB JFs?@ JH?D �B bH?iHiB Z 4bD D\?E
kC@` @E@^D Z Q @?D@ = ` �`B D@ �B ? �BDE kHD bB �HD JB bBIC �\?ECBkHCE@B J �\CJCB DIkFC@BIC = @b^HIJCH bBD ECH@EBC kHCE@�Ib@�CB` B?E Z P? DIkk\DB J\?� �IB bBD B?A@C\??B`B?ED ib\aHIS
�\?E@B??B?E E\ID bH JF�bHCHE@\? JB �BD \a¡ BED Z

6B �IB b �\? ABIE k\IA\@C ^H@CB � ECHABCD bH ECHJI�E@\? = � �BDE J �\aEB?@C I? ¡ IiB`B?E JB
kCBIAB JB kCB` @BC \CJCB � kHCE@C J �I? ¡ IiB`B?E JB kCBIAB JI 664 Z 6 �BDE k\IC�I\@ ?\ID
Hbb\?D HA\@C a BD\@? JB ECHJI@CB J@�FCB?ED \a¡ BED Z&IBbD �IB D\@B?E �BD \a¡ BED = ?\ID HA\?D �j\@D@ JB CBkCFDB?EBC bBD ECHJI�E@\?D kHC JBD
C�ibBD J �@?^FCB?�B Z hBD � �ä ÔÖ ÔÛÓÙ ðÔ ÓÕÝð� ñÓÚØÛ DBC\?E JFs?@D JH?D �jH�IB �HD Z¦?s? = HAH?E JB �\``B?�BC � F?\?�BC bBD Õóä òÔÙ ðÔ ÓÕÝð� ñÓÚØÛ= ?\ID @?EC\JI@D\?D bBD?\EHE@\?D DI@AH?EBD k\IC iHi?BC B? �bHCEF 1

5
∀n

k=ixk : sk, P
k\IC

∀xi : si, ...,∀xn : sn, P
Ü

5
λn

k=ixk : Tk, u
k\IC

λxi : Ti, ..., λxn : Tn, u

<<



�\IE J �Ha\CJ = bBD D\CEBD B? kCB` @BC \CJCB D\?E JBD \a¡ BED J@�FCB?ED JBD E�k BD �IB b �\?EC\IAB JH?D bB 664 Z P? J\@E k\IA\@C EBDEBC D@ I? E�kB BDE I?B D\CEB Z ��k@�IB`B?E = � �BDE
bB �HD JBD E�k BD @?JI�E@^D DH?D kHCH` �ECBD = JBD JF�bHCHE@\?D JB E�k BD BE JB bBICD Hb@HD Z2B ¡ IiB` B?E IE@b@DF k\IC bH ECHJI�E@\? J �I? E�kB JI 664 B? D\CEB JI kCB` @BC \CJCB
b\CD�IB �B�@ BDE k\DD@abB HICH bH ^\C` B 1

E; G ` T ⇒Sort s
�I@ D@i?@sB �IB JH?D b �B?A@C\?]?B` B?E ib\aHb E

BE JH?D bB �\?EBSEB b\ �Hb G
= bB E�k B

T
JI 664 DB ECHJI@E B? bH D\CEB

sJI kCB` @BC \CJCB Z 2BD C�ibBD D\?E bBD DI@AH?EBD 1
üú

c : Set ∈ E üþýû�þù
E; G ` c ⇒Sort c

E; G ` c →NF T E; G ` T ⇒Sort s üùýû�þù
E; G ` c ⇒Sort s

>?B DECHEFi@B J �Hkkb@�HE@\? JB �BD C�ibBD �I@ CB?J JF�@JHabB bH ECHJI�E@\? J �I? E�kB
B? D\CEB DBCH@E JB �\``B?�BC kHC BDDH�BC bH C�ibB ÙÝ�ÓÕÝð BE = D@ BbbB F�j\IB = J �IE@b@DBC Hb\CD
bH C�ibB Ùð�ÓÕÝðZ 8@ �BEEB JBC?@�CB F�j\IB FiHbB` B?E = � �BDE �IB bB E�k B ? �BDE kHD I?B D\CEB Z

>? ¡ IiB`B?E JB ECHJI�E@\? JBD EBC` BD � bH ^\C` B
E; G ` t ⇒Term t′

BE D@i?@sB ?HEI]
CBbbB` B?E �IB bB EBC` B

t
JI 664 DB ECHJI@E B? bB EBC` B

t′
JI kCB` @BC \CJCB JH?D b �B?A@]C\??B`B?E ib\aHb E

BE bB �\?EBSEB b\ �Hb G
Z

G\IC bH ECHJI�E@\? JBD EBC` BD = I?B C�ibB BDE DI� DH?EB Z ¦ bbB CBiC\IkB � bH ^\@D bH ECH]
JI�E@\? JBD AHC@HabBD = JBD �\?DEH?EBD = ` H@D FiHbB` B?E JBD Hkkb@�HE@\?D E\EHbBD JB ^\?�E@\? Z
hB kbID = k\IC iHCH?E@C �IB bB EBC` B E\IE B?E@BC BDE JB kCB` @BC \CJCB = @b ^HIE D �HDDICBC �IB
bB E�k B JB CBE\IC BDE I?B D\CEB Z ¦? CBAH?�jB = @b ? �BDE kHD IE@bB JB AFC@sBC �IB bB E�k B JBD
HCiI`B?ED BDE I?B D\CEB Ü bB ^H@E �IB �BD HCiI`B?ED DB ECHJI@DB?E B? EBC` B bB iHCH?E@E =
�\``B bB kC\IAB bB )0��0 �� JB bH DB�E@\? DI@AH?EB Z

E; G ` ti ⇒Term t′i E; G ` T ⇒Sort süú
f :! T1 → ... → Tn → T ∈ E 6 G 	 0 ≤ i ≤ n 
ýû�þù

E; G ` f t1
ZZZ

tn ⇒Term f(t′1, ..., t
′
n)

2B kC\�jH@?B FEHk B BDE bH ECHJI�E@\? JBD kC\k\D@E@\?D Z P? J@Dk\DB J\?� JB ¡ IiB` B?ED
JB bH ^\C` B

E; G ` P ⇒Prop P ′ �I@ D@i?@sB �IB bH kC\k\D@E@\?
P

JI 664 DB ECHJI@E B? bHkC\k\D@E@\?
P ′ JI kCB` @BC \CJCB JH?D b �B?A@C\??B`B?E ib\aHb E

BE JH?D bB �\?EBSEB b\ �Hb
G

Z 6\``B k\IC bBD EBC` BD = \? ?B AFC@sB kHD HAH?E ECHJI�E@\? �IB
P

BDE a@B? JB E�kB
Prop

Z 6 �BDE bH DECI�EICB JBD \a¡ BED �IB b �\? ECHJI@E A @H �BD C�ibB �I@ HDDICB �IB �B D\?E
a@B? JBD kC\k\D@E@\?D Z 2 �F?\?�F BE bH kCBIAB �\CCBDk\?JB?E HI )0��0 �� JB bH DB�E@\?DI@AH?EB Z

E; G ` ti ⇒Term t′iüú
P :! T1 → ... → Tn → Prop ∈ E 	 0 ≤ i ≤ n

�ýû�þù
E; G ` P t1

ZZZ
tn ⇒Prop P (t′1, ..., t

′
n)

E; G ` T ⇒Sort s E; G ` t1 ⇒Term t′1 E; G ` t2 ⇒Term t′2 ��ýû�þù
E; G ` eq T t1 t2 ⇒Prop t′1 = t′2

û÷�ýû�þù
E; G ` > ⇒Prop >

<M



÷ûýû�þù
E; G ` ⊥ ⇒Prop ⊥

E; G ` P ⇒Prop P ′ E; G ` Q ⇒Prop Q′ þøùýû�þù
E; G ` P ∧ Q ⇒Prop P ′ ∧ Q′

E; G ` P ⇒Prop P ′ E; G ` Q ⇒Prop Q′ ÷�ýû�þù
E; G ` P ∨ Q ⇒Prop P ′ ∨ Q′

E; G ` P ⇒Prop P ′ E; G ` Q ⇒Prop Q′ ú��ýû�þù
E; G ` P → Q ⇒Prop P ′ → Q′

E; G ` P ⇒Prop P ′ ø÷ûýû�þù
E; G ` ¬P ⇒Prop ¬P ′

E; G ` t1 ⇒Term t′1 E; G ` t2 ⇒Term t′2 ��ýû�þù
E; G ` t1 = t2 ⇒Prop t′1 = t′2

E; G ` T ⇒Sort s E; (x : T ) :: G ` P ⇒Prop P ′ 
÷�þ��ýû�þù
E; G ` ∀x : T, P ⇒Prop ∀x : s, P ′

E; G ` T ⇒Sort s E; (x : T ) :: G ` P ⇒Prop P ′ �� úüûüýû�þù
E; G ` ∃x : T, P ⇒Prop ∃x : s, P ′

P? kBIE ` H@?EB?H?E k\DBC bBD C�ibBD JB ECHJI�E@\? JBD B?A@C\??B`B?ED Z 4bD \?E bH^\C` B
E; G ⇒Env S; Γ; ∆

�I@ D@i?@sB �IB b �B?A@C\??B`B?E ib\aHb E
BE bB �\?EBSEB b\ �Hb GDB ECHJI@DB?E B? b �B?DB`abB JB D\CEBD

S
= b �B?A @C\??B`B?E

Γ
BE bB �\?EBSEB ∆

Z

E; G ⇒Env S, Γ, ∆ ûþýû�þù
(c : Set) :: E; G ⇒Env {c} ∪ S, Γ, ∆

E; G ` t ⇒Sort s E; G ⇒Env S, Γ, ∆ ûùþýû�þù
(c := t : Set) :: E; G ⇒Env {s} ∪ S, Γ, ∆

2BD C�ibBD �@]JBDDID D\?E EBbbBD �IB b �\? ECHJI@E I? E�kB kHC bH ECHJI�E@\? JB DH ^\C` B
?\C` HbB Z 8@ I? E�kB BE D\? Hb@HD D\?E ECHJI@ED = B? CFHb@EF \? ?B EC\IABCH �I �I? DBIb \a¡ BEk\IC bBD JBIS JH?D b �B?DB`abB JB D\CEBD Z

E; G ` Ti ⇒Sort si E; G ⇒Env S, Γ, ∆
0 ≤ i ≤ n + 1 
þýû�þù

(c : T1 → ... → Tn+1) :: E; G ⇒Env S, {c : s1, ..., sn → sn+1} ∪ Γ, ∆

<O



E; G ` Tj ⇒Sort sj E; G ⇒Env S; Γ; ∆

E; [x1 : T1; ...; xn : Tn] c G ` u x1

ZZZ
xn ⇒Term t

0 ≤ i ≤ n 	 0 ≤ j ≤ n + 1 
ùþýû�þù_
(c := λi

k=1xk : Tk, u x1

ZZZ
xi : T1 → ... → Tn+1) :: E; G ⇒Env

S; {c : s1, ..., sn → sn+1} ∪ Γ; {∀n
k=1xk : sk, c(x1, ..., xn) = t} ∪ ∆

2H C�ibB õ ðÝ�ÓÕÝð kCB?J B? �\`kEB bBD JFs?@E@\?D JB ^\?�E@\? kHC Hkkb@�HE@\? kHCE@BbbB ZG\IC CB?JCB I?B EBbbB JFs?@E@\? kCB` @BC \CJCB = @b BDE J\?� ?F�BDDH@CB J �η]BSkH?DBC _CH¡ \IEBC
JBD HCiI` B?ED � bH ` H@? d bH JFs?@E@\? Hs? J �\aEB?@C I?B Hkkb@�HE@\? E\EHbB Z

E; G ` Ti ⇒Sort si E; G ⇒Env S, Γ, ∆
0 ≤ i ≤ n

�þýû�þù
(c : T1 → ... → Tn → Prop) :: E; G ⇒Env S, {c : [s1; ...; sn]} ∪ Γ, ∆

E; G ` Ti ⇒Sort si E; G ⇒Env S; Γ; ∆

E; [x1 : T1; ...; xn : Tn] c G ` u x1

ZZZ
xn ⇒Prop P

0 ≤ i ≤ n
�ùþýû�þù_

(c := λi
k=1xk : Tk, u x1

ZZZ
xi : T1 → ... → Tn → Prop) :: E; G ⇒Env

S; {c : [s1; ...; sn]} ∪ Γ; {∀n
k=1xk : sk, c(x1, ..., xn) ⇔ P} ∪ ∆

E; G `CCI P : Prop E; G ` P ⇒Prop P ′ E; G ⇒Env S, Γ, ∆ þþýû�þù
(c : P ) :: E; G ⇒Env S, Γ, {P ′} ∪ ∆

E; G ⇒Env S; Γ; ∆ üOþýû�þù
d :: E; G ⇒Env S; Γ; ∆

2H C�ibB ÙPÝ�ÓÕÝð k BIE J\?� D �Hkkb@�IBC JH?D ? �@` k\CEB �IBb �HD k\IC k BI �IB
E

?B
D\@E kHD A@JB Z G\IC JF�@JBC JB bH ECHJI�E@\? J �I? B?A@C\??B` B?E ib\aHb BE J �I? �\?EBSEB
b\ �Hb = \? kBIE E\IE J �Ha\CJ BDDH�BC bBD C�ibBD BS�BkEF ÙPÝ�ÓÕÝð _bBD J\`H@?BD JB ECHJI�E@\?JBD HIECBD C�ibBD D\?E JBIS]�]JBIS J@D¡ \@?EDd BE = D@ HI�I?B C�ibB ? �BDE Hkkb@�HabB = J �IE@b@DBCHb\CD ÙPÝ�ÓÕÝð �I@ k BIE E\I¡ \ICD �ECB IE@b@DFB �IBb �IB D\@E I? B?A@C\??B`B?E ib\aHb ?\?
A@JB Z

E; G ` T ⇒Sort s E; G ⇒Env S, Γ, ∆ Cöýû�þù
E; (c : T ) :: G ⇒Env S, {c : s} ∪ Γ, ∆

2B ^H@E BDE �IB kHC bH ECHJI�E@\? JBD B?A@C\??B` B?E ib\aHIS BE JBD �\?EBSEBD b\ �HIS =
DBIbBD JBD AHC@HabBD JB E�k B I?B D\CEB D\?E @?DFCFBD JH?D bBD �\?EBSEBD b\ �HIS = � �BDE k\IC]
�I\@ \? ?B J@Dk\DB �IB J �I?B C�ibB k\IC bH ECHJI�E@\? JB �BD JF�bHCHE@\?D Z

GP
c C c I c E; G ⇒Env S; Γ; ∆ úøùýû�þù

Ind[GP ](I := C) :: E; G ⇒Env S; Γ; (Injection(GP
c I c E,C)) ∪ ∆

<:



2H ECHJI�E@\? J �I? ab\� JB E�k BD @?JI�E@^D BDE B? CFHb@EF HDDB  D@`kbB 1 \? ?B �\?D@J�CB
bBD �\?DECI�EBICD �IB �\``B JBD \a¡ BED JI E�kB �I@ bBD DI@E Z 2B ^H@E �IB kbID@BICD @?JI�E@^DD\@B?E JF�bHCFD JH?D I? `�`B ab\� k\IC DHE@D^H@CB JBD kC\kC@FEFD JB EBC` @?H@D\? BE JB
�\jFCB?�B ? �@?EBCA@B?E kHD JH?D ?\ECB ECHJI�E@\? Z 7\ID ?B ECHJI@C\?D JB E\IEB ^H¤\? �IB
JBD ¡ IiB` B?ED \ß bBD B?A@C\??B`B?ED ib\aHIS BE bBD �\?EBSEB b\ �HIS D\?E a@B? ^\C` FD = BE
bBD EBC` BD a@B? E�kFD Z

¦? CBAH?�jB = �BCEH@?BD kC\kC@FEFD k BIAB?E �ECB JFJI@EBD JB b �Fb@` @?HE@\? ^\CEB b\CDJB bH JF�bHCHE@\? J �I? E�kB @?JI�E@^ Z 2 �I?B JB �BD kC\kC@FEFD BDE b �@?¡ B�E@\? DIC �jH�IB
�\?DECI�EBIC Z 6BD HS @\` BD J �@?¡ B�E@\? D\?E H¡ \IEFD HI �\?EBSEB kCB` @BC \CJCB kHC bH ^\?�]E@\?

Injection
JFs?@B H@?D@ 1

5
Injection(E, []) = ∅5
Injection(E, ((c : C) :: l)) =5 D@

C = T1 → ... → Tn+1

BE �IB
E; [] ` Ti ⇒Sort si (0 ≤ i ≤ n + 1)

= Hb\CD
{∀n

i=1xi : si,∀
n
i=1yi : si, c(x1, ..., xn) = c(y1, ..., yn) → x1 = y1 ∧ ... ∧ xn = yn} ∪

(Injection(E, l))5 D@?\?
Injection(E, l)

E; G ⇒Env S; Γ; ∆ E; G ` Tv ⇒Sort sv

(f : T1 → ... → Tn+1) :: E; G `

∀w−1
k=1 xk : Tk,∀

n
k=w+1, xk : Tk,∀

zw

k=1yk : Ck, f x1

ZZZ
xw−1 (cw y1

ZZZ
yzw

) xw+1

ZZZ
xn = fw ⇒Prop Pw Q�ýû�þù

(f := Fix f (f : T1 → ... → Tn+1 := λi
k=1xk : Tk, case(xj, Tn+1, F ))) :: E; G ⇒Env

S; {f : s1, ..., sn → sn+1} ∪ Γ; {P1

Ü ZZZ Ü
Pl} ∪ ∆

HAB� 1
5

1 ≤ v ≤ n + 1
=
0 ≤ w ≤ l

=
1 ≤ i ≤ n

=
1 ≤ j ≤ n

Ü
5

F = c1 y1

ZZZ
yz1

⇒ f1

à ZZZ à
cl y1

ZZZ
yzl

⇒ fl

Ü
5

Tj ∈ GI

=
GC = c1 : ∀z1−1

k=1 xk : Ck, Cz1

à ZZZ à
cC : ∀zC−1

k=1 xk : Ck, CzC

BE
Ind [GP ](GI :=

GC) ∈ E
Z

6BEEB C�ibB k BIE ^H�@bB` B?E D �FEB?JCB � bH JFs?@E@\? J �I?B ^\?�E@\? J �I? ab\� JB ^\?�]E@\?D `IEIBbbB` B?E CF�ICD@ABD B? H¡ \IEH?E E\IEBD bBD JF�bHCHE@\?D JBD ^\?�E@\?D �
Γ

JH?D
bH ECHJI�E@\? BE �

E
JH?D bH kCF` @DDB = H@?D@ �IB bBD kCF` @DDBD �\CCBDk\?JH?EBD BE bBD H¡ \IED

�
∆

Z
���û�ýû�þù

[]; [] ⇒Env ∅; ∅; ∅

2H C�ibB ÔÖ× Ó��ÓÕÝð CBkCFDB?EB b �HCC�E JB bH ECHJI�E@\? = � �BDE]�]J@CB b\CD�I �@b ? �� H kbIDC@B? � ECHJI@CB Z
G\IC s?@C = I?B DECHEFi@B JF�@JHabB J �Hkkb@�HE@\? JBD C�ibBD JB ECHJI�E@\? JBD B?A@C\?]

?B` B?ED ib\aHIS BE JBD �\?EBSEBD b\ �HIS DBCH@E J �IE@b@DBC HIEH?E �IB k\DD@a bB bBD C�ibBD
�\?�BC?H?E bBD B?A@C\??B` B?ED ib\aHIS k\IC s?@C kHC �BbbB �\?�BC?H?E bBD �\?EBSEBD b\]
�HIS Z

<�



¦SB`kbB 1 ECHJI@D\?D bH kC\k\D@E@\?
P = ∀x : Int ,∀y : Int , x = y → y = x

JH?D
E; G = [0 : Int ; S : Int → Int ; Int : Set ]; []

Z
P? �\``B?�B kHC ECHJI@CB

E; G
Z

üþýû�þù
[S : Int → Int ; Int : Set ]; [] ` Int ⇒Sort Int πaux 
þýû�þù

E; G ⇒Env {Int}; {0 : Int ; S : Int → Int}; ∅

πaux =

πInt πInt

���û�ýû�þù
[]; [] ⇒Env ∅; ∅; ∅ ûþýû�þù

[Int : Set ]; [] ⇒Env {Int}; ∅; ∅ 
þýû�þù
[S : Int → Int ; Int : Set ]; [] ⇒Env {Int}; {S : Int → Int}; ∅

πInt =

üþýû�þù
[Int : Set ]; [] ` Int ⇒Sort Int

Qb\CD = \? ECHJI@E
P

Z

πInt

üþýû�þù
E; [x : Int ] ` Int ⇒Sort Int π1 
÷�þ��ýû�þù

E; [x : Int ` ∀y : Int , x = y → y = x ⇒Prop ∀y : Int , x = y → y = x 
÷�þ��ýû�þù
E; G ` P ⇒Prop ∀x : Int ,∀y : Int , x = y → y = x

π1 =

π′
Int πx πy ��ýû�þù

E; G′ ` x = y ⇒Prop x = y

π′
Int πy πx ��ýû�þù

E; G′ ` y = x ⇒Prop y = x ú��ýû�þù
E; G′ = [y : Int ; x : Int ] ` x = y → y = x ⇒Prop x = y → y = x

πx =

π′
Int

x : Int ∈ E 6 G′ 
þýû�þù
E; G′ ` x ⇒Term x

πy =

π′
Int

y : Int ∈ E 6 G′ 
þýû�þù
E; G′ ` y ⇒Term y

π′
Int =

üþýû�þù
E; G′ ` Int ⇒Sort Int

6B�@ FEH?E ^H@E = ?\ID A\IJC@\?D EC\IABC I?B kCBIAB JB
{Int}; {0 : Int ; S : Int →

Int}; ∅ |= ∀x : Int ,∀y : Int , x = y → y = x
BE B? JFJI@CB �I �@b BS @DEB

h
EBb �IB

E; G `CCI

h : P
Z 6 �BDE �B �IB ?\ID Hbb\?D JFABb\kkBC JH?D bH DB�E@\? DI@AH?EB Z

<9



' ¸' NRÁ)S ¼Ä¼ÅÇ T (ºÂÂ¿*Å¼º+
G\IC s?@C ?\ECB ECHAH@b JB ECHJI�E@\? = @b ^HIE k\IA\@C JFJI@CB J �I?B kCBIAB JB ECHJI�]E@\? �I �@b BS @DEB I?B kCBIAB JI ECHJI@E Z hBIS EjF\C�` BD DBC\?E J\?� ^\?JH`B?EHIS 1 �BbI @JB E�kHa@b@EF �I@ HDDICB �IB bH ECHJI�E@\? J �I?B BSkCBDD@\? a@B? E�kFB CBDEB a@B? E�k FB =

BE �BbI @ JB kC\IAHa@b@EF �I@ HDD\�@B HIS kCBIABD JB kCB` @BC \CJCB JBD EBC` BD JI 664 Z
U ÔÖ ÝÕ�� Ô 1 8\@E

T
I? E�kB Z 4b BDE ^H�@bB JB DB �\?AH@?�CB �IB D@

T
BDE I?B D\CEB =

Hb\CD T
DB ECHJI@E JB ^H¤\? I?@�IB Z G\IC D �B? �\?AH@?�CB @b DI� E JB CB` HC�IBC �IB k\IC

ECHJI@CB I? E�kB = \? ECHJI@E B? CFHb@EF DH ^\C` B ?\C` HbB = �I@ DB ECHJI@E B? BbbB]` �`B D@
DH ECHJI�E@\? BS @DEB Z

)0��0 �� 1 8\@B?E
t
I? EBC` B JI 664 =

t′
I? EBC` B JI kCB` @BC \CJCB =

T
I?B D\CEB =

E
I?

B?A@C\??B` B?E ib\aHb BE
G

I? �\?EBSEB b\ �Hb Z 8@ E; G `CCI t : T
BE �IB

E; G ` t ⇒Term t′Hb\CD @b BS @DEB I?B D\CEB
s

EBbbB �IB
E; G ` T ⇒Sort s

Z
� ÕÔ��Ô 1 P? ?B kBIE HA\@C

E; G ` t ⇒Term t′
�I �B? IE@b@DH?E bH C�ibB õ �ÓÕÝð D@ a@B? �IB

t
H bH ^\C` B

f t1
ZZZ

tn
= �IB

f :! T1 → ... → Tn+1 ∈ E c G
BE �IB

E; G ` Tn+1 ⇒Sort s
Z

P? B? JFJI@E �IB
E; G `CCI f : T1 → ... → Tn → Tn+1

BE J\?� �IB
E; G `CCI f t1

ZZZ
tn : Tn+1

Z Y H@D \? DH@E kHC j�k\Ej�DB �IB
E; G `CCI t : T

= � �BDE]�]J@CB �IB
E; G `CCI f

t1
ZZZ

tn : T
Z 6 �BDE J\?� �IB

Tn+1 =conv T
Z GI@D�IB

T
BE

Tn+1

D\?E �\?ABCE@a bBD = @bD \?E
J\?� bH ` �`B ^\C` B ?\C` HbB = BE � �BDE JB �BEEB ^\C` B ?\C` HbB �IB b �\? kBIE JFEBC` @?BC
E; G ` Tn+1 ⇒Sort s

kHC bBD C�ibBD ÙÝ�ÓÕÝð BE Ùð�ÓÕÝðZ GHC bBD ` �`BD C�ibBD = \? B? JFJI@E
�IB

E; G ` T ⇒Sort s
Z

)0��0 �� 1 8\@B?E
t

I? EBC` B JI 664 =
t′

I? EBC` B JI kCB` @BC \CJCB =
T

I? E�kB
JI

CCI
=
s

I?B D\CEB =
E

I? B?A@C\??B`B?E ib\aHb = G
I? �\?EBSEB b\ �Hb = S

I? B?DB`abBJB D\CEBD =
Γ

I? B?A@C\??B` B?E BE
∆

I? �\?EBSEB Z 8@
E; G `CCI t : T

=
E; G ` T ⇒Sort s

=
E; G ` t ⇒Term t′

BE
E; G ⇒Env S; Γ; ∆

= Hb\CD Γ `FOL t′ : s
Z

� ÕÔ��Ô 1 kHC CF�ICCB?�B DIC bH EH@bbB JB
t5 8@

t
BDE I?B AHC@HabB \I I?B �\?DEH?EB = \? ?B kBIE HA\@C

E; G ` t ⇒Term t′
�IB kHC

bH C�ibB õ �ÓÕÝð �I@ @`kb@�IB JH?D �B �HD]b� �IB
E; G ` t ⇒Term t

=
t :! T ′ ∈ E c G

BE
E; G ` T ′ ⇒Sort s

Z Q @?D@ =
T

BE
T ′ D\?E �\?ABCE@a bBD BE

E; G ` T ⇒Sort s
Z h\?� JH?D

bH ECHJI�E@\? JB
E; G

= \? k\ICCH IE@b@DBC I?B JBD C�ibBD õ Ý�ÓÕÝð= õ ñ�ÓÕÝð= õ ðÝ�ÓÕÝð=
õ ðñ�ÓÕÝð \I V � �ÓÕÝð _DBb\? �IB b �\? H@E JF�bHCF \I JFs?@E

t
JH?D b �B?A@C\??B` B?E

ib\aHb \I JH?D bB �\?EBSEB b\ �Hbd k\IC \aEB?@C bB ` �`B B�BE 1
t : s ∈ Γ

BE J\?�
Γ `FOL t : s

_Ý� ÚØÖ Ôd Z
5 8@

t
BDE JB bH ^\C` B

f t1
ZZZ

tn
=
n > 0

= \? ?B k BIE HA\@C
E; G ` t ⇒Term t′

�IB kHC
bH C�ibB õ �ÓÕÝð D@ a @B? �IB b �\? H

f :! T1 → ... → Tn+1 ∈ E c G
=
E; G ` ti ⇒Term t′i_

1 ≤ i ≤ n
d =

E; G ` Tn+1 ⇒Sort sn++1
BE

t′
BDE JB bH ^\C` B

f(t1, ..., tn)
Z �\IE

J �Ha\CJ = kI@D�IB
E; G `CCI t : T

BE
E; G `CCI t : Tn+1

= \? DH@E �IB
T

BE
Tn+1D\?E �\?ABCE@a bBD Z h\?� @bD DB ECHJI@DB?E ABCD bH ` �`B D\CEB _�HC @bD \?E Hb\CD bH

` �`B ^\C` B ?\C` HbBd BE J\?� s = sn+1

Z h �HIECB kHCE =
f :! T1 → ... → Tn+1 ∈ Ec G

= J\?� E; G `CCI f : T1 → ... → Tn+1

Z h\?� = kI@D�IB
E; G `CCI f t1

ZZZ
tn : Tn+1

_�HC T
BE

Tn+1

D\?E �\?ABCE@a bBDd = Hb\CD E; G ` ti : Ti

Z h �\ß = kI@D�IB
E; G ` ti ⇒Term t′i

=
E; G ` Ti ⇒Sort si

J �HkC�D bB )0��0 ��Z h\?� kHC j�k\Ej�DB
JB CF�ICCB?�B Γ `FOL t′i : si

Z ¦?s? =
f :! T1 → ... → Tn+1 ∈ E c G

BE
E; G `

<K



Tn+1 ⇒Sort s
= J\?� kHC I?B JBD C�ibBD õ Ý�ÓÕÝð= õ ðÝ�ÓÕÝð= õ ñ�ÓÕÝð= õ ðñ�ÓÕÝð \I V � �ÓÕÝð=

\? \aE@B?JCH �IB
f : s1, ..., sn → s ∈ Γ

Z h\?� kHC õ �Û �Ó�× Ô= \? kBIE �\?�bICB �IB
Γ `FOL f(t′1, ..., t

′
n) : s

Z
"��,-#�0 � 1 8\@B?E

P
I?B kC\k\D@E@\? JI 664 =

P ′ I?B kC\k\D@E@\? JI kCB` @BC \CJCB
`IbE@D\CEF = E

B? B?A@C\??B` B?E ib\aHb = G
I? �\?EBSEB b\ �Hb = S

I? B?DB`abB JB D\CEB =
ΓI? B?A@C\??B` B?E BE

∆
I? �\?EBSEB Z 8@

E; G ⇒Env S; Γ; ∆
BE

E; G ` P ⇒Prop P ′ Hb\CD
Γ `FOL P ′ bf

Z
� ÕÔ��Ô 1 kHC CF�ICCB?�B DIC

E; G ` P ⇒Prop P ′ Z5 8@ bH JBC?@�CB C�ibB BDE ÓØ× �ÓÕÝð=
P = >

BE
P ′ = >

Z GHC ÓØ× �Ó�× Ô \? H
Γ `FOL > bfBE J\?� Γ `FOL P ′ bf

Z
5 8@ bH JBC?@�CB C�ibB BDE âØÓ�ÓÕÝð=

P = ⊥
BE

P ′ = ⊥
Z GHC âØÓ�Ó�× Ô \? H

Γ `FOL ⊥ bfBE J\?� Γ `FOL P ′ bf
Z

5 8@ bH JBC?@�CB C�ibB BDE Ô��ÓÕÝð=
P

BDE JB bH ^\C` B
t1 = t2

=
E; G ` t1 ⇒Term t′1

=
E; G ` t2 ⇒Term t′2

= BE
P ′ BDE JB bH ^\C` B

t′1 = t′2
Z GI@D�IB

E; G `CCI t1 = t2 : Prop
=

� �BDE �I �@b BS @DEB I? E�kB
T

EBb �IB
E; G `CCI t1 : T

=
E; G `CCI t2 : T

kHC bB Ó�× Ô
ð� W ð� 001 Z GI@D�IB

E; G `CCI t1 : T
BE �IB

E; G ` t1 ⇒Term t′1
Hb\CD kHC bB)0��0 �� @b BS @DEB I?B I?@�IB D\CEB

s
EBbbB �IB

E; G ` T ⇒Sort s
Z Q b\CD = kHC

bB )0��0 �� =
Γ ` t′1 : s

BE
Γ ` t′2 : s

Z h\?� = kHC bH C�ibB Ô��Ó�× Ô= \? H a@B?
Γ `FOL t′1 = t′2 bf

\I B?�\CB Γ `FOL P ′ bf
Z

5 8@ bH JBC?@�CB C�ibB BDE × ÕÔð�ÓÕÝð=
P

BDE JB bB ^\C` B
R(t1, ..., tn)

=
E; G ` ti ⇒Term t′i_

0 ≤ i ≤ n
d =

R :! T1 → ... → Tn → Prop ∈ E
=
E; G `CCI R t1

ZZZ
tn : PropBE

P ′ BDE JB bH ^\C` B
R(t′1, ..., t

′
n)

Z GI@D�IB
R :! T1 → ... → Tn → Prop ∈ E

=
Hb\CD E; G `CCI R : T1 → ... → Tn → Prop

Z GI@D�IB
E; G `CCI R : T1 →

... → Tn → Prop
BE �IB

E; G `CCI R t1
ZZZ

tn : Prop
= Hb\CD E; G `CCI ti : Ti

Z
¦E kI@D�IB �IB

E; G ` ti ⇒Term t′i
Hb\CD = kHC bB )0��0 ��=

E; G ` Ti ⇒Sort si

Z
2BD �IHECB �\?J@E@\?D ?F�BDDH@CBD D\?E CFI?@BD k\IC JFJI@CB kHC bB )0��0 �� �IB
Γ `FOL t′i : si

Z hB kbID = R :! T1 → ... → Tn → Prop ∈ E c G
BE

E; G ` Ti ⇒Sort si

=
J\?� b\CD JB bH ECHJI�E@\? JB

E; G
= \? k\ICCH IE@b@DBC I?B JBD C�ibBD ×Ý�ÓÕÝð= × ñ�ÓÕÝð=

×ðÝ�ÓÕÝð \I ×ðñ�ÓÕÝð _DBb\? �IB b �\? H@E JF�bHCF \I JFs?@
R

JH?D b �B?A@C\??B` B?E
ib\aHb \I JH?D bB �\?EBSEBd �I@ HIC\?E E\IEBD bB ` �` B B�BE 1

R : [s1; ...; sn] ∈ Γ
Z

h\?� kHC IE@b@DHE@\? JB bH C�ibB × ÕÔð�Ó�× Ô= \? \aE@B?E �IB
Γ `FOL R(t′1, ..., t

′
n) bf

BE
Hb\CD Γ `FOL P bf

Z
5 8@ bH JBC?@�CB C�ibB BDE ÝÛð�ÓÕÝð=

P
BDE JB bH ^\C` B

A ∧ B
=
E; G ` A ⇒Prop A′ =

E; G ` B ⇒Prop B′ = P BDE JB bH ^\C` B
A′ ∧B′ BE

E; G ` A∧B ⇒Prop A′ ∧B′ Z h\?�kHC j�k\Ej�DB JB CF�ICCB?�B = \? DH@E �IB
Γ `FOL A′ bf

BE
Γ `FOL B′ bf

Z h �\ß = kHC
bH C�ibB ÝÛð�Ó�× Ô=

Γ ` A′ ∧ B′ bf
BE J\?� Γ ` P ′ bf

Z
5 8@ bH JBC?@�CB C�ibB BDE ØÕ�ÓÕÝð=

P
BDE JB bH ^\C` B

A ∨ B
=
E; G ` A ⇒Prop A′ =

E; G ` B ⇒Prop B′ = P BDE JB bH ^\C` B
A′ ∨B′ BE

E; G ` A∨B ⇒Prop A′ ∨B′ Z h\?�kHC j�k\Ej�DB JB CF�ICCB?�B = \? DH@E �IB
Γ `FOL A′ bf

BE
Γ `FOL B′ bf

Z h �\ß = kHC
bH C�ibB ØÕ�Ó�× Ô=

Γ ` A′ ∨ B′ bf
BE J\?� Γ ` P ′ bf

Z
5 8@ bH JBC?@�CB C�ibB BDE ÚÖ× �ÓÕÝð=

P
BDE JB bH ^\C` B

A → B
=
E; G ` A ⇒Prop A′ =

E; G ` B ⇒Prop B′ = P ′ BDE JB bH ^\C` B
A′ → B′ BE

E; G ` A → B ⇒Prop A′ → B′ Zh\?� kHC j�k\Ej�DB JB CF�ICCB?�B = \? DH@E �IB
Γ `FOL A′ bf

BE
Γ `FOL B′ bf

Z h �\ß =
kHC bH C�ibB ÚÖ× �Ó�× Ô=

Γ ` A′ → B′ bf
BE J\?� Γ ` P ′ bf

Z

MN



5 8@ bH JBC?@�CB C�ibB BDE Û ØÓ�ÓÕÝð=
P

BDE JB bH ^\C` B
¬Q

=
E; G ` Q ⇒Prop Q′ = P ′ BDE

JB bH ^\C` B
¬Q′ BE

E; G ` ¬Q ⇒Prop ¬Q′ Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B = \?
DH@E �IB

Γ `FOL Q′ bf
Z h �\ß = kHC bH C�ibB Û ØÓ�Ó�× Ô=

Γ `FOL ¬Q′ bf
BE J\?� Γ `FOL P ′

bf
Z

5 8@ bH JBC?@�CB C�ibB BDE õ ØÕÝò ò�ÓÕÝð=
P

BDE JB bH ^\C` B
∀x : T,Q

=
E; G ` T ⇒Prop s

=
E; (x : T ) :: G ` Q ⇒Prop Q′ = P ′ BDE JB bH ^\C` B

∀x : s,Q′ BE E; G ` ∀x : T,Q ⇒Prop

∀x : s,Q′ Z GI@D�IB
E; G ⇒Env S; Γ; ∆

BE �IB
E; G ` T ⇒Prop s

Hb\CD kHC �Óñ�ÓÕÝð
E; (x : T ) :: G ⇒Env S; {x : s} ∪ Γ; ∆

Z hB kbID = E; (x : T ) :: G ` Q ⇒Prop Q′ Z h\?�kHC j�k\Ej�DB JB CF�ICCB?�B = {x : s} ∪ Γ ` Q′ bf
Z h �\ß = kHC bH C�ibB õ ØÕÝò ò�Ó�× Ô=

Γ `FOL ∀x : s,Q′ bf
BE J\?� Γ `FOL P ′ bf

Z
5 8@ bH JBC?@�CB C�ibB BDE Ô� ÚÙÓÙ�ÓÕÝð=

P
BDE JB bH ^\C` B

∃x : T,Q
=
E; G ` T ⇒Prop s

=
E; (x : T ) :: G ` Q ⇒Prop Q′ = P ′ BDE JB bH ^\C` B

∃x : s,Q′ BE E; G ` ∃x : T,Q ⇒Prop

∃x : s,Q′ Z GI@D�IB
E; G ⇒Env S; Γ; ∆

BE �IB
E; G ` T ⇒Prop s

Hb\CD kHC �Óñ�ÓÕÝð
E; (x : T ) :: G ⇒Env S; {x : s} ∪ Γ; ∆

Z hB kbID = E; (x : T ) :: G ` Q ⇒Prop Q′ Z h\?�kHC j�k\Ej�DB JB CF�ICCB?�B = {x : s} ∪ Γ ` Q′ bf
Z h �\ß = kHC bH C�ibB Ô� ÚÙÓÙ�Ó�× Ô=

Γ `FOL ∃x : s,Q′ bf
BE J\?� Γ `FOL P ′ bf

Z
)0��0 �� 1 8\@B?E

s
I?B D\CEB =

T
I? E�kB =

E
I? B?A@C\??B` B?E ib\aHb = E I? �\?EBSEB

b\ �Hb = S
I? B?DB`abB JB D\CEBD =

Γ
I? B?A@C\??B` B?E BE

∆
I? �\?EBSEB Z 8@

E; G ⇒Env

S; Γ; ∆
BE �IB

s ∈ S
= Hb\CD @b BS @DEB

T
EBb �IB

E; G ` T ⇒Sort s
Z

� ÕÔ��Ô 1
GI@D�IB

E; G ⇒Env S; Γ; ∆
= @b ? �� H �IB JBIS C�ibBD �I@ kI@DDB?E k BC` BEECB �IB

s ∈ S
1

ÓÝ�ÓÕÝð BE ÓðÝ�ÓÕÝðZ hH?D bBD JBIS �HD = � �BDE �I �@b BS @DEB
T

EBb �IB
T :! Set ∈ E

BE
E; G ` T ⇒Sort s

Z
)0��0 �� 1 8\@B?E

t′
I? EBC` B JI kCB` @BC \CJCB =

s
I?B D\CEB =

T
I? E�kB =

E
I?

B?A@C\??B` B?E ib\aHb = G I? �\?EBSEB b\ �Hb = S I? B?DB`abB JB D\CEBD =
Γ

I? B?A@C\??B` B?E
BE

∆
I? �\?EBSEB Z 8@

E; G ⇒Env S; Γ; ∆
=
E; G ` T ⇒Sort s

=
Γ `FOL t′ : s

= Hb\CD @b BS @DEB
tEBb �IB

E; G ` t ⇒Term t′
HAB� E; G `CCI t : T

Z
� ÕÔ��Ô 1 kHC CF�ICCB?�B DIC bH EH@bbB JB

t
Z

5 8@
t′

BDE I?B AHC@HabB = Hb\CD T :! Set ∈ E �HC DBIbBD bBD C�ibBD ÓÝ�ÓÕÝð BE ÓðÝ�ÓÕÝð
k BC` BEEB?E J �H¡ \IEBC I?B D\CEB � b �B?DB`abB JB D\CEBD Z hB kbID = \? ?B kBIE HA\@C
Γ `FOL t′ : s

�IB kHC IE@b@DHE@\? JB bH C�ibB Ý� ÚØÖ Ô D@ a @B? �IB
t′ : s ∈ Γ

Z I\CD =
k \IC �I �I?B AHC@HabB D\@E @?DFCFB JH?D

Γ
= @b ^HIE HA\@C IE@b@DF õ Ý�ÓÕÝð \I �ñ�ÓÕÝð D@

a@B? �IB
t′ : T ∈ E

\I
t′ : T ∈ G

Z h H?D bBD JBIS �HD \? H a@B? E; G `CCI t′ : T
= BE

E; G ` t′ ⇒Term t′
Z

5 8@
t′

BDE I?B �\?DEH?EB = Hb\CD T :! Set ∈ E �HC DBIbBD bBD C�ibBD ÓÝ�ÓÕÝð BE ÓðÝ�ÓÕÝð
k BC` BEEB?E J �H¡ \IEBC I?B D\CEB � b �B?DB`abB JB D\CEBD Z hB kbID = \? ?B kBIE HA\@C
Γ `FOL t′ : s

�IB kHC IE@b@DHE@\? JB bH C�ibB Ý� ÚØÖ Ô D@ a@B? �IB
t′ : s ∈ Γ

Z I\CD = k \IC
�I �I?B �\?DEH?EB D\@E @?DFCFB JH?D

Γ
= @b ^HIE HA\@C IE@b@DF õ Ý�ÓÕÝð \I õ ðÝ�ÓÕÝð D@ a @B?�IB

t′ : T ∈ E
Z Q b\CD = \? H a@B? E; G `CCI t′ : T

= BE
E; G ` t′ ⇒Term t′

Z
5 8@

t′
BDE JB bH ^\C` B

f(t′1, ..., t
′
n)

= Hb\CD T :! Set ∈ E �HC DBIbBD bBD C�ibBD ÓÝ�ÓÕÝð
BE ÓðÝ�ÓÕÝð k BC` BEEB?E J �H¡ \IEBC I?B D\CEB � b �B?DB`abB JB D\CEBD Z hB kbID = \? ?B
kBIE HA\@C

Γ `FOL f(t′1, ..., t
′
n) : s

�IB kHC IE@b@DHE@\? JB bH C�ibB õ �Û �Ó�× Ô D@ a @B?�IB
f : s1, ..., sn → s ∈ Γ

BE
Γ `FOL t′i : si

k\IC
0 ≤ i ≤ n

Z I\CD = k \IC �I �I?
M L



D�`a\bB JB ^\?�E@\? D\@E @?DFCF JH?D
Γ
= @b ^HIE HA\@C IE@b@DF b �I?B JBD C�ibBD õ Ý�ÓÕÝð=

õ ðÝ�ÓÕÝð \I V � �ÓÕÝð D@ a @B? �IB �I �@b BS @DEB
Ti

EBbD �IB
f : T1 → ... → T ∈ E

BE
E; G ` Ti ⇒Sort si

Z GHC j�k\Ej�DB JB CF�ICCB?�B = @b BS @DEB ti
EBbD �IB

E; G `CCI ti : TiBE
E; G ` ti ⇒Term t′i

Z h\?� kHC bBD C�ibBD á×× BE õ �ÓÕÝð= \? H a@B? E; G `CCI f t1ZZZ
tn : T

BE
E; G ` f t1

ZZZ
tn ⇒Term f(t′1, ..., t

′
n)

Z
)0��0 �� 1 8\@B?E

P ′ I?B kC\k\D@E@\? JI kCB` @BC \CJCB =
E

I? B?A@C\??B` B?E ib\aHb =
G

I? �\?EBSEB b\ �Hb = S
I? B?DB`abB JB D\CEBD =

Γ
I? B?A@C\??B` B?E BE

∆
I? �\?EBSEB Z 8@

E; G ⇒Env S; Γ; ∆
BE

Γ `FOL P ′ bf
Hb\CD @b BS @DEB

P
EBb �IB

E; G ` P ⇒Prop P ′ BE
E; G `CCI P : Prop

Z
� ÕÔ��Ô 1 kHC CF�ICCB?�B DIC

Γ `FOL P ′ bf
Z

5 8@ bH JBC?@�CB C�ibB BDE ÓØ× �Ó�× Ô=
P ′ H bH ^\C` B

>
Ü Hb\CD HAB� P

JB bH ^\C` B
>

= \?
\aE@B?E a@B? �IB

E; G `CCI P : Prop `H@D HIDD@ �IB
E; G ` P ⇒Prop P ′ Z5 8@ bH JBC?@�CB C�ibB BDE âØÓ�Ó�× Ô=

P ′ H bH ^\C` B
⊥

= Hb\CD HAB� P
JB bH ^\C` B

⊥
= \?

\aE@B?E a@B? �IB
E; G `CCI P : Prop `H@D HIDD@ �IB

E; G ` P ⇒Prop P ′ Z5 8@ bH JBC?@�CB C�ibB BDE × ÕÔð�Ó�× Ô=
P ′ H bH ^\C` B

R′(t′1, ..., t
′
n)

=
R′ : [s1; ...; sn] ∈ ΓBE

Γ `FOL t′i : si

k\IC
0 ≤ i ≤ n

Z
si ∈ S

= � �BDE J\?� �I �@b BS @DEB
Ti

EBbD �IB
E; G ` Ti ⇒Sort si

Z GI@D�IB
R′ : [s1; ...; sn] ∈ Γ

BE �IB
E; G ⇒Env S; Γ; ∆

= � �BDE �I �@bBS @DEB
R

EBb �IB R :! T1 → ... → Tn → Prop ∈ E �HC bBD JBIS DBIbBD ^H¤\?D J �H¡ \IEBCI? D�`a\bB JB kCFJ@�HE � b �B?A@C\??B`B?E kHC ECHJI�E@\? BDE kHC IE@b@DHE@\? JB ×Ý�
ÓÕÝð \I JB ×ðÝ�ÓÕÝðZ hB kbID = kHC bB )0��0 �� = kI@D�IB

E; G ` Ti ⇒Sort si

BE
Γ `FOL t′i : si

= Hb\CD @b BS @DEB
ti

EBb �IB
E; G ` ti ⇒Term t′i

BE
E; G `CCI ti : Ti

Z
8@

P
H bH ^\C` B

R t1
ZZZ

tn
= \? H a@B? E; G ` P ⇒Prop P ′ kHC × �ÓÕÝð= ` H@D HIDD@

E; G `CCI P : Prop
kHC á×× Z

5 2B �HD JB b �FiHb@EF k BIE �ECB @?�bID JH?D �BbI@ JBD kCFJ@�HED _�HD �@]JBDDIDd = HAB� P ′JB bH ^\C` B
t′1 = t′2

=
Γ `FOL t′i : s

_
i ∈ {1; 2}

d =
E; G ` T ⇒Sort s

=
E; G ` ti ⇒Term t′iBE

P
BDE JB bH ^\C` B

eq T t1 t2
Z

5 8@ bH JBC?@�CB C�ibB BDE ÝÛð�Ó�× Ô=
P ′ H bH ^\C` B

A′ ∧ B′ = Γ `FOL A′ bf
BE

Γ `FOL B′

bf
Z GHC j�k\Ej�DB JB CF�ICCB?�B = @b BS @DEB

A
BE

B
EBbD �IB

E; G ` A ⇒Prop A′ =
E; G ` B ⇒Prop B′ = E; G `CCI A : Prop

BE
E; G `CCI B : Prop

Z h\?� D@
P

BDE JB
bH ^\C` B

A ∧ B
=
E; G ` P ⇒Prop P ′ kHC ÝÛð�ÓÕÝð BE

E; G `CCI P : Prop
J �HkC�D bBE�k B JI

∧
JI 664 Z

5 8@ bH JBC?@�CB C�ibB BDE ØÕ�Ó�× Ô=
P ′ H bH ^\C` B

A′ ∨ B′ = Γ `FOL A′ bf
BE

Γ `FOL B′

bf
Z GHC j�k\Ej�DB JB CF�ICCB?�B = @b BS @DEB

A
BE

B
EBbD �IB

E; G ` A ⇒Prop A′ =
E; G ` B ⇒Prop B′ = E; G `CCI A : Prop

BE
E; G `CCI B : Prop

Z h\?� D@
P

BDE JB
bH ^\C` B

A ∨ B
=
E; G ` P ⇒Prop P ′ kHC ØÕ�ÓÕÝð BE

E; G `CCI P : Prop
J �HkC�D bBE�k B JI

∨
JI 664 Z

5 8@ bH JBC?@�CB C�ibB BDE ÚÖ× �Ó�× Ô=
P ′ H bH ^\C` B

A′ → B′ = Γ `FOL A′ bf
BE

Γ `FOL B′

bf
Z GHC j�k\Ej�DB JB CF�ICCB?�B = @b BS @DEB

A
BE

B
EBbD �IB

E; G ` A ⇒Prop A′ =
E; G ` B ⇒Prop B′ = E; G `CCI A : Prop

BE
E; G `CCI B : Prop

Z h\?� D@
P

BDE JB
bH ^\C` B

A → B
=
E; G ` P ⇒Prop P ′ kHC ÚÖ× �ÓÕÝð BE

E; G `CCI P : Prop
J �HkC�D bBE�k B JI

→
JI 664 Z

5 8@ bH JBC?@�CB C�ibB BDE Û ØÓ�Ó�× Ô=
P ′ H bH ^\C` B

¬Q′ BE
Γ `FOL Q′ bf

Z GHC j�k\Ej�DB
JB CF�ICCB?�B = @b BS @DEB

Q
EBb �IB

E; G ` Q ⇒Prop Q′ BE
E; G `CCI Q : Prop

Z h\?�D@
P

BDE JB bH ^\C` B
¬Q

=
E; G ` P ⇒Prop P ′ kHC Û ØÓ�ÓÕÝð BE

E; G `CCI P : PropJ �HkC�D bB E�k B JI
¬

JI 664 Z
M;



5 8@ bH JBC?@�CB C�ibB BDE õ ØÕÝò ò�Ó�× Ô=
P ′ H bH ^\C` B

∀x : s,Q′ BE
{x : s} ∪ Γ `FOL Q′

bf
Z P? DH@E J �HkC�D bB )0��0 �� �I �@b BS @DEB

T
EBb �IB

E; G ` T ⇒Sort s
Z h\?�

E; (x : T ) :: G ⇒Env S; {x : s}∪Γ; ∆
kHC �ñ�ÓÕÝðZ Q b\CD kHC j�k\Ej�DB JB CF�ICCB?�B =@b BS @DEB

Q
EBb �IB

E; (x : T ) :: G ` Q ⇒Prop Q′ BE
E; (x : T ) :: G `CCI Q′ : Prop

Z
8@

P
H bH ^\C` B

∀x : T,Q
= ?\? DBIbB` B?E J �HkC�D � ÕØð=

E; G `CCI P : Prop `H@D B?
kbID E; G ` P ⇒Prop P ′ Z5 8@ bH JBC?@�CB C�ibB BDE Ô� ÚÙÓÙ�Ó�× Ô=

P ′ H bH ^\C` B
∃x : s,Q′ BE

{x : s} ∪ Γ `FOL Q′

bf
Z P? DH@E J �HkC�D bB )0��0 �� �I �@b BS @DEB

T
EBb �IB

E; G ` T ⇒Sort s
Z h\?�

E; (x : T ) :: G ⇒Env S; {x : s}∪Γ; ∆
kHC �ñ�ÓÕÝðZ Q b\CD kHC j�k\Ej�DB JB CF�ICCB?�B =@b BS @DEB

Q
EBb �IB

E; (x : T ) :: G ` Q ⇒Prop Q′ BE
E; (x : T ) :: G `CCI Q′ : Prop

Z
8@

P
H bH ^\C` B

∃x : T,Q
= ?\? DBIbB` B?E J �HkC�D � ÕØð=

E; G `CCI P : Prop `H@D B?
kbID E; G ` P ⇒Prop P ′ Z

"��,-#�0 � 1 8\@B?E
P

I?B kC\k\D@E@\? JI 664 =
P ′ I?B kC\k\D@E@\? JI kCB` @BC

\CJCB =
E

I? B?A@C\??B` B?E ib\aHb = G
I? �\?EBSEB b\ �Hb = S

I? B?DB`abB JB D\CEBD =
Γ

I?
B?A@C\??B` B?E BE

∆
I? �\?EBSEB Z 8@

E; G ⇒Env S; Γ; ∆
=
E; G ` P ⇒Prop P ′ BE

Γ; ∆ |= P ′Hb\CD @b BS @DEB I? EBC` B
h

JI 664 EBb �IB
E; G ` h : P

Z
� ÕÔ��Ô 1 kHC CF�ICCB?�B DIC

Γ; ∆ |= P ′ Z5 8@ bH JBC?@�CB C�ibB BDE ÝÙÙ�Ö× ÓÚØÛ= � �BDE �IB
P ′ ∈ ∆

Z 7\ID JBA\?D Hb\CD EC\IABC I?
EBC` B JB kCBIAB JB �jH�I?B JBD kC\k\D@E@\?D �IB b �\? @?�bIE JH?D

∆
� ECHABCD bHECHJI�E@\? E; G ⇒Env S; Γ; ∆

Z
5 hH?D bB �HD JB õ ðÝ�ÓÕÝð=

P
BDE Hb\CD JB bH ^\C` B

∀n
k=1xk : Tk, c x1

ZZZ
xn = u x1ZZZ

xn

BE \? Hb\CD J\?� E; G ` P ⇒Prop P ′ J �HkC�D bBD kCF` @DDBD JB bH C�ibB Z 8\@E
h = λn

k=1xk : Tk, refl Jequal Tn+1 (u x1

ZZZ
xn)

Z Q b\CD = E; G `CCI h : ∀n
k=1xk : Tk, u

x1

ZZZ
xn = u x1

ZZZ
xn

Z hB kbID = \? H
c := λi

k=1xk : Tk, u x1

ZZZ
xi

= J\?� kHC
0ØÛ� = \? \aE@B?E E; G `CCI h : ∀n

k=1xk : Tk, c x1

ZZZ
xn = u x1

ZZZ
xn

= \I B?�\CB
E; G `CCI h : P

Z
5 hH?D bB �HD JB ×ðÝ�ÓÕÝð=

P
BDE Hb\CD JB bH ^\C` B

∀n
k=1xk : Tk, c x1

ZZZ
xn ⇔ u

x1

ZZZ
xn

BE \? H J\?� a@B? E; G ` P ⇒Prop P ′ J �HkC�D bBD kCF` @DDBD JB bHC�ibB Z 8\@B?E
A = u x1

ZZZ
xn

=
IdA = λx : A, x

BE
h′ = conj A A IdA IdA

Z P?
CB` HC�IB E\IE J �Ha \CJ �IB

E; [x1 : T1; ...; xn : Tn] c G `CCI IdA : A → A
BE

J\?� E; [x1 : T1; ...; xn : Tn] c G `CCI h′ : A ⇔ A
Z 8\@E

h = λn
k=1xk : Tk, h

′ ZGI@D�IB b �\? H
E; G `CCI λn

k=1xk : Tk, h
′ : ∀n

k=1A ⇔ A
= kHC 0ØÛ� = \? \aE@B?E a@B?

E; G `CCI h : P �HC c := λi
k=1xk : Tk, u x1

ZZZ
xi

Z
5 hH?D bB �HD JB ÝÝ�ÓÕÝð= \? H J@CB�EB` B?E �IB

c : P ∈ E
Z h\?� @b DI� E JB kCB?JCB

h = c
BE \? H a@B? E; G `CCI h : P

Z
5 hH?D bB �HD JB ÚÛð�ÓÕÝð= @b ^HIE ¡ IDE@sBC bBD kC\k\D@E@\?D H¡ \IEFBD A@H bH ^\?�E@\?

Injection
Z 4b ^HIE J\?� `\?ECBC �I �@b BS @DEB I? EBC` B JB E�kB

P b\CD�IB P
BDE JB bH^\C` B

∀n
i=1xi : Ti,∀

n
i=1yi : Ti, c x1

ZZZ
xn = c y1

ZZZ
yn → x1 = y1 ∧ ...∧ xn = yn

Z P?
DH@E �IB

Tn+1

BDE I? @?JI�E@^ JH?D
Set

�I@ H k\IC �\?DECI�EBIC = B?ECB HIECBD =
c
Z P?

JFs?@E I?B ^H` @bbB Fi

_
1 ≤ i ≤ n

d JB ^\?�E@\?D H@?D@ 1
Fi := λe : Tn+1, case(e, Ti, c

e1

ZZZ
en ⇒ ei

à J ⇒ xi)
\ß J ⇒ xi

D@i?@sB �IB bH ^\?�E@\? Fi

CBE\IC?B
xi

JH?D
bB �HD JB E\ID bBD HIECBD �\?DECI�EBICD �I@ ? �HkkHCH@DDB?E kHD JH?D bB �\CkD JI
case

Z P? H J\?� Fi (c x1

ZZZ
xn) →conv xi

_�HD JB
ι
]CFJI�E@\? d BE JB ` �`B

Fi (c
y1

ZZZ
yn) →conv yi

Z h\?� kHC 0ØÛ� = @b BS @DEB
n

EBC` BD
Hi

EBbD �IB
Hi : Fi (c x1ZZZ

xn) = xi

BE
n

EBC` BD
H ′

i

EBbD �IB
H ′

i : Fi (c y1

ZZZ
yn) = yi

Z hB kbID = B? k\DH?E
M<



eq Jsym := λA : TypeSet , λx : A, λy : A, λh : x = y, eq Jind A x (λz : A, z = x)
(refl Jequal x) y

= \? \aE@B?E eq Jsym : ∀A : TypeSet ,∀x : A,∀y : A, x = y → y =
x
Z Q @?D@ = \? kBIE JFJI@CB I?B ^H` @bbB JB EBC` BD

hi

JFs?@D kHC
hi := eq Jsym Ti

(Fi (c x1

ZZZ
xn)) xi Hi

EBbD �IB
hi : xi = Fi (c x1

ZZZ
xn)

BE I?B ^H` @bbB JB EBC` BD
h′

i

JFs?@D kHC
h′

i := eq Jsym Ti (Fi (c y1

ZZZ
yn)) yi H ′

i

EBbD �IB
h′

i : yi = Fi (c
y1

ZZZ
yn)

Z Q b\CD D@ \? kCB?J
Pi := eq Jind Tn+1 (c x1

ZZZ
xn) (λz : Tn+1, xi = Fi

z) hi (c y1

ZZZ
yn) h0

\ß
h0 : c x1

ZZZ
xn = c y1

ZZZ
yn

=
Pi : xi = Fi (c y1

ZZZ
yn)

Z
GI@D�IB

Fi (c y1

ZZZ
yn) =conv yi

= \? H a@B? kHC 0ØÛ�
Pi : xi = yi

Z q @?HbB` B?E = bBEBC` B
h := λn

i=1xi : Ti, λ
n
i=1yi = Ti, λh0 : c x1

ZZZ
xn = c y1

ZZZ
yn, conj (x1 = y1)

(x2 = y2 ∧ ...∧xn = yn) P1 (conj
ZZZ

(conj (xn−1 = yn−1) (xn = yn) Pn−1 Pn)
ZZZ

)
H

k\IC E�k B
∀n

i=1xi : Ti,∀
n
i=1yi : Ti, c x1

ZZZ
xn = c y1

ZZZ
yn → x1 = y1 ∧ ...∧ xn = yn

Z
5 2B JBC?@BC �HD BDE �BbI @ JB V � �ÓÕÝð k\IC bB�IBb @b ^HIE EC\IABC I? EBC` B JB kCBIAB

JB
∀w−1

k=1 xk : Tk,∀
n
k=w+1, xk : Tk,∀

zw

k=1yk : Ck, f x1

ZZZ
xw−1 (cw y1

ZZZ
yzw

) xw+1ZZZ
xn = fw

k\IC
0 ≤ w ≤ l

Z GHC
ι
�ÕX = \? DH@E �IB

f x1
ZZZ

xw−1 (cw y1
ZZZ

yzw
) xw+1

ZZZ
xn →conv case(cw y1

ZZZ
yzw

, Tn+1, F )
HAB� F

JB bH ^\C` B
c1 y1

ZZZ
yz1

⇒ f1

à ZZZ à
cl y1

ZZZ
yzl

⇒ fl

Z h\?� kHC
ι
�Õñ= \? \aE@B?E J@CB�EB` B?E �IB

f
x1

ZZZ
xw−1 (cw y1

ZZZ
yzw

) xw+1

ZZZ
xn →conv fw

Z 8\@E
h

I? EBC` B JB bH ^\C` B
λw−1

k=1 xk : Tk, λ
n
k=w+1, xk : Tk, reflJequal Tn+1 f x1

ZZZ
xw−1 (cw y1

ZZZ
yzw

) xw+1

ZZZ
xn

Z
h

BDE J\?� JB E�kB
∀w−1

k=1 xk : Tk,∀
n
k=w+1, xk : Tk,∀

zw

k=1yk : Ck, f x1

ZZZ
xw−1 (cw

y1

ZZZ
yzw

) xw+1

ZZZ
xn = f x1

ZZZ
xw−1 (cw y1

ZZZ
yzw

) xw+1

ZZZ
xn

Z GHC 0ØÛ� = \? B?
JFJI@E J\?� �IB

h : ∀w−1
k=1 xk : Tk,∀

n
k=w+1, xk : Tk,∀

zw

k=1yk : Ck, f x1
ZZZ

xw−1 (cw y1ZZZ
yzw

) xw+1

ZZZ
xn = fw

Z
5 8@ bH JBC?@�CB C�ibB BDE ÝÛð�ÚÛÓÕØ=

P ′ BDE JB bH ^\C` B
A′∧B′ = Γ; ∆ |= A′ BE Γ; ∆ |= B′ ZhB kbID P

BDE JB bH ^\C` B
A ∧ B

HAB� E; G ` A ⇒Prop A′ BE
E; G ` B ⇒Prop B′_� �BDE bH DBIbB ^H¤\? J �\aEB?@C I?B ECHJI�E@\? B?

A′ ∧ B′d Z h\?� kHC j�k\Ej�DB JB
CF�ICCB?�B = @b BS @DEB JBIS EBC` BD

h1

BE
h2

EBbD �IB
E; G `CCI h1 : A

BE
E; G `CCI

h2 : B
Z 8\@E

h = and Jintro A B h1 h2

Z P? H Hb\CD E; G `CCI and Jintro A B h1

h2 : A ∧ B
BE J\?� E; G `CCI h : P

Z
5 8@ bH JBC?@�CB C�ibB BDE ÝÛð�ÞòÚÖ $= @b BS @DEB

Q′ EBb �IB
Γ; ∆ |= P ′ ∧ Q′ Z P? DH@E J\?�J �HkC�D bB "��,-#�0 � �IB

Γ `FOL P ′ ∧ Q′ bf
Z 6 �BDE J\?� �IB

Γ `FOL Q′ bf
_kHC

bH DBIbB C�ibB k\DD@abB 1 ÝÛð�Ó�× Ôd Z Q b\CD = kHC bB )0��0 �� = @b BS @DEB
Q

EBb �IB
E; G ` Q ⇒Prop Q′ Z GHC j�k\Ej�DB JB CF�ICCB?�B = \? kBIE B? JFJI@CB �I �@b BS @DEB
I? EBC` B

h2

EBb �IB
E; G `CCI h2 : P ∧ Q

Z hB kbID = D\@E
h1 = λp : P, λq : Q, p

Z P?
H

E; G `CCI h1 : P → Q → P
Z ¦?s? = D\@E

h = and Jind P Q P h1 h2
Z P? H Hb\CD

E; G `CCI h : P
Z

5 8@ bH JBC?@�CB C�ibB BDE ÝÛð�ÞòÚÖ % = @b BS @DEB
Q′ EBb �IB

Γ; ∆ |= Q′ ∧ P ′ Z P? DH@E J\?�J �HkC�D bB "��,-#�0 � �IB
Γ `FOL Q′ ∧ P ′ bf

Z 6 �BDE J\?� �IB
Γ `FOL Q′ bf

_kHC
bH DBIbB C�ibB k\DD@abB 1 ÝÛð�Ó�× Ôd Z Q b\CD = kHC bB )0��0 �� = @b BS @DEB

Q
EBb �IB

E; G ` Q ⇒Prop Q′ Z GHC j�k\Ej�DB JB CF�ICCB?�B = \? kBIE B? JFJI@CB �I �@b BS @DEB
I? EBC` B

h2

EBb �IB
E; G `CCI h2 : Q ∧ P

Z hB kbID = D\@E
h1 = λq : Q, λp : P, P

Z P?
H

E; G `CCI h1 : Q → P → P
Z ¦?s? = D\@E

h = and Jind Q P P h1 h2

Z P? H Hb\CD
E; G `CCI h : P

Z
5 8@ bH JBC?@�CB C�ibB BDE ØÕ�ÚÛÓÕØ$=

P ′ BDE JB bH ^\C` B
A′ ∨ B′ = Γ; ∆ |= A′ BE

Γ `FOL

B′ bf
Z hB �B JBC?@BC ^H@E BE kHC bB )0��0 �� = \? DH@E �I �@b BS @DEB

B
EBb �IB

E; G ` B ⇒Prop B′ Z P
BDE Hb\CD JB bH ^\C` B

A ∧ B
Z hB kbID = kHC j�k\Ej�DB JB

CF�ICCB?�B = @b BS @DEB
a

EBb �IB
E; G `CCI a : A

Z 8\@E
h = or Jintrol A B a

Z P? H

MM



Hb\CD E; G `CCI or Jintrol A B a : A ∨ B
BE J\?� E; G `CCI h : P

Z
5 8@ bH JBC?@�CB C�ibB BDE ØÕ�ÚÛÓÕØ% =

P ′ BDE JB bH ^\C` B
A′∨B′ = Γ; ∆ |= B′ BE

Γ `FOL A′

bf
Z hB �B JBC?@BC ^H@E BE kHC bB )0��0 �� = \? DH@E �I �@b BS @DEB

A
EBb �IB

E; G `
A ⇒Prop A′ Z P BDE Hb\CD JB bH ^\C` B

A∧B
Z hB kbID = kHC j�k\Ej�DB JB CF�ICCB?�B = @bBS @DEB

b
EBb �IB

E; G `CCI b : B
Z 8\@E

h = or Jintror A B b
Z P? H Hb\CD E; G `CCI

or Jintrol A B b : A ∨ B
BE J\?� E; G `CCI h : P

Z
5 8@ bH JBC?@�CB C�ibB BDE ØÕ�ÞòÚÖ = @b BS @DEB A′ BE B′ EBbD �IB

Γ; ∆ |= A′∨B′ = Γ; ∆ |= A′ →
P ′ BE Γ; ∆ |= B′ → P ′ Z GHC bB "��,-#�0 �= \? DH@E E\IE J �Ha\CJ �IB

Γ `FOL A′∨B′

bf
Z GHC bH DBIbB C�ibB Hkkb@�HabB = bB ØÕ�Ó�× Ô= \? B? JFJI@E �IB

Γ `FOL A′ bf
BE

Γ `FOL B′ bf
Z GHC bB )0��0 �� = @b BS @DEB J\?� A

BE
B

EBbD �IB
E; G ` A ⇒Prop A′ BE

E; G ` B ⇒Prop B′ = BE J\?� E; G ` A∨B ⇒Prop A′∨B′ kHC ØÕ�ÓÕÝðZ GHC j�k\Ej�DB
JB CF�ICCB?�B = \? \aE@B?E �I �@b BS @DEB

h3
EBb �IB

E; G `CCI h3 : A ∨ B
= ` H@D HIDD@

�I �@b BS @DEB
h1

BE
h2

EBbD �IB
E; G `CCI h1 : A → P

BE
E; G `CCI h2 : B → P

Z 8\@E
h = or Jind A B P h1 h2 h3

Z P? H Hb\CD E; G `CCI or Jind A B P h1 h2 h3 : P
BE

J\?� E; G `CCI h : P
Z

5 8@ bH JBC?@�CB C�ibB BDE ÚÖ× �ÚÛÓÕØ=
P ′ BDE JB bH ^\C` B

A′ → B′ Z P? H
Γ; ∆ ∪ {A′} |=

B′ BE
Γ `FOL A′ bf

Z 2H DBIbB ^H¤\? JB ECHJI@CB I?B @`kb@�HE@\? BDE J �IE@b@DBC bHC�ibB ÚÖ× �ÓÕÝð D@ a @B? �I �@b BS @DEB
A

BE
B

EBbD �IB
P

BDE JB bH ^\C` B
A → B

=
E; G ` A → B ⇒Prop A′ → B′ BE

E; G ` A ⇒Prop A′ BE
E; G ` B ⇒ B′ Z3B` HC�I\?D �IB D@

E; G ` Q ⇒Prop Q′ = Hb\CD E; G `CCI Q : Prop
Z ¦? B�BE = bBDC�ibBD EBC` @?HbBD ECH@EB?E J �\a¡ BED JB E�k B

Prop
BE bBD �\??B�EBICD CBE\IC?B?E E\ID

JBD \a¡ BED JB E�k B
Prop

Z h\?� E; G `CCI A → B : Prop
Z GI@D�IB

E; G ⇒Env S; Γ; ∆BE
E; G ` A ⇒Prop A′ = Hb\CD kHC ÝÝ�ÓÕÝð=

(a : A) :: E; G ⇒Env S; Γ; ∆ ∪ {A′}
Z

¦E �\``B \? H
Γ; ∆ ∪ {A′} |= B′ Hb\CD = kHC j�k\Ej�DB JB CF�ICCB?�B = @b BS @DEB

bEBb �IB
(a : A) :: E; G `CCi b : B

Z 8\@E
h = λa : A, b

Z GHC bH C�ibB GÝÖ \? H
E; G `CCI λa : A, b : A → B

_�HD JI kC\JI@E ?\?]JFk B?JH?Ed Z h\?� \? H a@B?
E; G ` h : P

Z
5 8@ bH JBC?@�CB C�ibB BDE ÚÖ× �ÞòÚÖ = @b BS @DEB

Q′ EBb �IB
Γ; ∆ |= Q′ → P ′ Z h\?� kHC

bB "��,-#�0 �=
Γ `FOL Q′ → P ′ bf

Z 6B�@ ?B k BIE �ECB k\DD@a bB �IB kHC bH C�ibBÚÖ× �Ó�× Ô D@ a @B? �IB
Γ `FOL Q′ bf

BE
Γ `FOL P ′ bf

Z h\?� kHC bB )0��0 �� =
@b BS @DEB

Q
BE

P
EBbD �IB

E; G ` Q ⇒Prop Q′ BE
E; G ` P ⇒Prop P ′ BE J\?�

E; G ` Q → P ⇒Prop Q′ → P ′ Z h\?� kHC j�k\Ej�DB JB CF�ICCB?�B = @b BS @DEB
f

BE
q

EBbD �IB
E; G `CCI f : Q → P

BE
E; G `CCI q : Q

Z 8\@E
h = f q

= \? H Hb\CD
E; G `CCI f q : P

kHC á×× BE J\?� E; G `CCI h : P
Z

5 GI@D�IB
¬P ′ ? �BDE �I �I? Hb@HD JB

P ′ → ⊥
= bH kCBIAB �IH?E � �B �\??B�EBIC DB JFJI@E

JBD C�ibBD JI
→

BE JI
⊥

Z
5 8@ bH JBC?@�CB C�ibB BDE ÓØ× �ÚÛÓÕØ=

P ′ BDE J\?� JB bH ^\C` B
>

BE
P

BDE FiHbB` B?E JB
bH ^\C` B

> �HC � �BDE b� bH DBIbB ^H¤\? J �\aEB?@C E; G ` P ⇒Prop P ′ _� �BDE bH C�ibBÓØ× �ÓÕÝð d Z Q b\CD D\@E
h = I

= \? H a@B? E; G `CCI I : >
BE J\?� E; G `CCI h : P

Z
5 8@ bH JBC?@�CB C�ibB BDE âØÓ�ÞòÚÖ = \? H

Γ; ∆ |= ⊥
BE

Γ `FOL P ′ bf
Z GHC bB )0��0

�� = @b BS @DEB J\?� P
EBb �IB

E; G ` P ⇒Prop P ′ BE
E; G `CCI P : Prop

Z hB kbID = kHCj�k\Ej�DB JB CF�ICCB?�B = @b BS @DEB
ff

EBb �IB
E; G `CCI ff : ⊥

Z 8\@E
h = bot Jind P

ff
Z P? H

E; G `CCI bot Jind P ff : P
BE J\?� E; G `CCI h : P

Z
5 8@ bH JBC?@�CB C�ibB BDE õ ØÕÝò ò�ÚÛÓÕØ=

P ′ BDE JB bH ^\C` B
∀x : s,Q′ = x 6∈ Γ

=
x

? �HkkHCH¬E
kHD JH?D

∆
BE

{x : s} ∪ Γ; ∆ |= Q′ Z GI@D�IB
E; G ` P ⇒Prop P ′ = � �BDE �IB

P
BDE

JB bH ^\C` B
∀x : T,Q

HAB� E; G ` T ⇒Sort s
BE

E; G ` Q ⇒Prop Q′ Z GI@D�IB

MO



E; G ⇒Env S; Γ; ∆
= kHC �ñ�ÓÕÝð=

E; (x : T ) :: G ⇒Env S; {x : s} ∪ Γ; ∆
Z hB kbID =kI@D�IB

{x : s} ∪ Γ; ∆ |= Q′ = Hb\CD kHC bB "��,-#�0 �
{x : s} ∪ Γ `FOL Q′ bf

Z
h\?� kHC j�k\Ej�DB JB CF�ICCB?�B = @b BS @DEB

t
EBb �IB

E; (x : T ) :: G `CCI t : Q
Z

6\``B BSkb@�IF kCF�FJB``B?E JH?D bH C�ibB ÚÖ× �ÚÛÓÕØ=
E; G `CCI P : Prop

Z 8\@E
h = λx : T, t

Z GHC GÝÖ =
E; G `CCI λx : T, t : ∀x : T,Q

BE J\?� E; G `CCI h : P
Z

5 8@ bH JBC?@�CB C�ibB BDE õ ØÕÝò ò�ÞòÚÖ =
P ′ BDE JB bH ^\C` B

Q′[t′/x]
=
Γ; ∆ |= ∀x : s,Q′ BE

Γ `FOL t′ : s
Z GI@D�IB

s
BDE I?B D\CEB =

s ∈ S
Z h\?� J �HkC�D bB )0��0 �� = @b BS @DEB

T
EBb �IB

E; G ` T ⇒Sort s
Z GHC bB )0��0 �� = @b BS @DEB

t
EBb �IB

E; G ` t ⇒Term t′BE
E; G `CCI t : T

Z hB kbID = Γ; ∆ |= ∀x : s,Q′ = J\?� kHC bB "��,-#�0 �=
Γ; ∆ `FOL

∀x : s,Q′ bf �B �I@ ? �BDE k\DD@a bB �IB kHC õ ØÕÝò ò�Ó�× Ô BE J\?� {x : s} ∪ Γ `FOL Q′

bf
Z h\?� kHC bB )0��0 �� = @b BS @DEB

Q
EBb �IB

E; (x : T ) :: G ` Q ⇒Prop Q′ Zh\?� D@
P

BDE JB bH ^\C` B
Q{t/x}

= \? H a@B? E; G ` P ⇒Prop P ′ Z GI@D�I �\? H
E; G ` ∀x : T,Q ⇒Prop ∀x : s,Q′ kHC õ ØÕÝò ò�ÓÕÝð= Hb\CD kHC j�k\Ej�DB JB CF�ICCB?�B@b BS @DEB

f
EBb �IB

E; G `CCI f : ∀x : T,Q
Z 8\@E

h = f t
Z GHC á×× =

E; G `CCI f
t : Q{t/x}

\I B?�\CB E; G `CCI h : P
Z

5 8@ bH JBC?@�CB C�ibB BDE Ô� ÚÙÓÙ�ÚÛÓÕØ=
P ′ BDE J\?� JB bH ^\C` B

∃x : s,Q′ = x 6∈ Γ
=
x? �HkkHCH¬E kHD JH?D

∆
=
Γ; ∆ |= Q′[t′/x]

BE
Γ `FOL t′ : s

Z GI@D�IB
E; G ` P ⇒Prop P ′ =

� �BDE �IB
P

BDE JB bH ^\C` B
∃x : T,Q

HAB� E; G ` T ⇒Sort s
BE

E; G ` Q ⇒Prop

Q′ kHC bH DBIbB C�ibB Hkkb@�HabB 1 Ô� ÚÙÓÙ�ÓÕÝðZ 7\E\?D �IB
∃x : T,Q

BDE I?B ^H¤\?
F�I@AHbB?EB J �F�C@CB ex (λx : T,Q)

Z �\IE J �Ha\CJ = kI@D�IB
Γ `FOL t′ : s

= Hb\CD kHC
bB )0��0 �� = @b BS @DEB

t
EBb �IB

E; G ` t ⇒Term t′
BE

E; G `CCI t : T
Z Q b\CD =

E; G ` Q{t/x} ⇒Prop Q′[t′/x]
Z GHC j�k\Ej�DB JB CF�ICCB?�B = \? \aE@B?E J\?� �I �@bBS @DEB

w
EBb �IB

E; G `CCI w : Q{t/x}
= � �BDE]�]J@CB E; G `CCI w : (λx : T,Q) t_C�ibB JB �\?ABCD@\? �\?�BC?H?E bH β

]CFJI�E@\?d Z 8\@E
h = ex Jintro T P t w

Z P? H
E; G `CCI ex Jintro T P t w : ex (λx : T,Q)

BE J\?� E; G `CCI h : P
Z

5 8@ bH JBC?@�CB C�ibB BDE Ô� ÚÙÓÙ�ÞòÚÖ = @b BS @DEB
Q′ EBb �IB

Γ; ∆ |= ∃x : s,Q′ = {x :
s}∪Γ; ∆∪{Q′} |= P ′ BE x

? �HkkHCH¬E kHD JH?D
∆∪{P ′}

Z GI@D�IB
Γ; ∆ |= ∃x : s,Q′ =Hb\CD kHC bB "��,-#�0 �=

Γ ` ∃x : s,Q′ bf
Z GHC bB )0��0 �� = @b BS @DEB J\?� A

EBb�IB
E; G ` A ⇒Prop ∃x : s,Q′ Z 6B�@ ?B k BIE �ECB ACH@ �IB kHC Ô� ÚÙÓÙ�ÓÕÝð D@ a@B? �IB

A
H bH ^\C` B

∃x : T,Q
HAB� E; G ⇒Sort s

BE
E; G ` Q ⇒Prop Q′ Z GHC j�k\Ej�DB JB

CF�ICCB?�B = @b BS @DEB h2

EBb �IB E; G `CCI h2 : ∃x : T,Q
= \I B?�\CB E; G `CCI h2 : ex

(λx : T,Q)
Z hB kbID = kI@D�IB

E; G ⇒Env S; Γ; ∆
BE �IB

E; G ` T ⇒Sort s
= Hb\CDkHC õ Ý�ÓÕÝð BE ÝÝ�ÓÕÝð=

(q : Q) :: (x : T ) :: E; G ⇒Env {x : s} ∪ Γ; ∆ ∪ {Q′}
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j�k\Ej�DB JB CF�ICCB?�B = \? \aE@B?E J\?� �I �@b BS @DEB
h′
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EBb �IB
(q : Q) :: (x : T ) ::

E; G `CCI h′
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Z GHC JBIS IE@b@DHE@\?D DI��BDD@ABD JB bH C�ibB GÝÖ = \? B? JFJI@E
Hb\CD E; G `CCI λx : T, λq : Q, h′

1 : ∀x : T,Q → P
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P

BE
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D\?E ?\?]JFk B?JH?ED
JI ^H@E �IB

P ′ BE
Q′ ?B k BIAB?E kHD b ��ECBd Z QAB� h1 = λx : T, λq : Q, h′

1

= \? H
E; G `CCI h1 : ∀x : T,Q → P

Z 8\@E
h = ex Jind T (λx : T,Q) P h1 h2

Z P? H
E; G `CCI ex Jind T (λx : T,Q) P h1 h2 : P

BE J\?� E; G `CCI h : P
Z
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I? iI@JB J �IE@b@DHEBIC Hs? JB kCFDB?EBC bBD CFDIbEHED kCHE@�IBD JB ?\ECB kC\¡ BE Z
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2BD C�ibBD J �@?^FCB?�B D\?E bBD C�ibBD JB E�kHiB JI 664 BE k BIAB?E �ECB @?A\�IFBD HI
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BSB`kbB = JH?D �B �HD = bB ^H@E �IB �B D\@E � ÕØð�� ÕØ× \I � ÕØð�\ ÔÓ �I �@b ^H@bbB Hkkb@�IBCd ZG\IC �\``B?�BC I?B kCBIAB B? 6\� = I?B D\bIE@\? k\DD@abB BDE J �IE@b@DBC bH �\``H?JB
]ØÝòZ P? J\@E J\??BC BSkb@�@EB` B?E bB EBC` B J\?E @b ^HIJCH EC\IABC I?B kCBIAB Z

¦SB`kbB 1 kC\IABC
∀A : Prop, A → A

_� �BDE]�]J@CB JFEBC` @?BC I? EBC` B J\?E bB E�k B
BDE

∀A : Prop, A → A
d Z

^_` a b_cd e_fcdd g h if_j k g lm g n
o pqrs_cd

tttttttttttttttttttttttttttte_fcdd g h if_j k g lm g
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if__e �_wj dx{xy n

2H �\``H?JB Ô� ÝñÓ k BC` BE JB J\??BC BSkb@�@EB` B?E bB EBC` B B? �IBDE@\? = �BbI @ J\?E
bB E�k B BDE
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Z
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CFk\?DB Z h @�FCB?ED �HD DB kCFDB?EB?E 1
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o pqrs_cd
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�_j dx�xd }vjq{ k �|cfc�{xf p �� l� o
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5 2H ECHJI�E@\? CFIDD@B BE bB kC\IABIC BDE kHCAB?I � kC\IABC bB DF�IB?E 1
^_` a b_cd e_fcdd � h � k � t � n
o pqrs_cd

tttttttttttttttttttttttttttte_fcdd � h � k � t �
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if__e �_wj dx{xy n
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�\IE J �Ha\CJ = bH ECHJI�E@\? BDE kCFDB?EFB JH?D bH D�?EHSB JI kC\IABIC HkkBbF = ¡ IDEBHkC�D b �HkkBb Z

^_` a b_cd e_fcdd e h vc{ lm vc{ k e_fcdd v h vc{ k e v t v n
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vc{ h ��i� �
� h vc{ �
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^\?�E@\?D bB D\?E _b\CD�IB �BbbBD]�@ D\?E JB kCB` @BC \CJCBd Z 2 �HDEI�B �\?D@DEB � B�B�EIBCHIEH?E J �@?EC\JI�E@\? JB

∀
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�HE@\?D DIC JBD \a¡ BED J �\CJCB DIkFC@BIC B? JF�bHCHE@\? Z [@B? FA@JB``B?E �BEEB HDEI�B ?B
` HC�jB �IB D@ bBD \a¡ BED H@?D@ kHDDBC B? JF�bHCHE@\? D\?E JB kCB` @BC \CJCB Z

4b BDE @`k\CEH?E JB �\`kCB?JCB bH JF` HC�jB JB ?\ECB ECHAH@b Z QAH?E bB aCH?�jB`B?E
JBD kC\�FJICBD JB JF�@D@\? � 6\� = ?\ID JBA@\?D ECHJI@CB bBD aIED 6\� � bH ` H@? BE EBDEBC
bBIC AHb@J @EF kHC I? \I JBD kC\IABICD Z 8@ I? kC\IABIC JF�bHCB AHb@JB bB aIE �\ICH?E = \?
HJ`BE bB CFDIbEHE BE \? kHDDB HI CBDEB JB bH kCBIAB Z ¦? �B�@ = ?\ECB JF` HC�jB CBDEB bH
` �`B Z 6 �BDE]�]J@CB �I �HkC�D HkkBb � I? kC\IABIC = D@ bH CFk\?DB JB �B JBC?@BC BDE k\D@E@AB =
@b ^HIE ^H@CB �\`kCB?JCB � b �B?A@C\??B` B?E 6\� �I �\? HJ`BE bB CFDIbEHE = Hb\CD �I �\? ?B
J@Dk\DB B? CFHb@EF J �HI�I?B kCBIAB ^\C` BbbB Z 6 �BDE k\IC�I\@ I?B EH�E@�IB H FEF F�C@EB Hs?
JB k\DBC k\IC HS @\` B bB aIE �\ICH?E b\CD�IB �I �I? kC\IABIC HIE\` HE@�IB b �H AHb@JF Z 6BEEB
EH�E@�IB D �Hkk BbbB ÝðÖ ÚÓ BE k BIE]�ECB IE@b@DFB B? JBj\CD JI D@`kbB �HJCB JB ?\ECB kC\¡ BE Z
^_` a ¦xwwc cyw }{zx� h
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tttttttttttttttttttttttttttte_fcdd i h if_j k i lm ¥cdpx
cyw }{zx� a cyw }{ n
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^_` a ^|x�© cyw }{zx�zcyw }{{xy n
cyw }{zx�zcyw }{{xy

h e_fcdd i h if_j k i lm ¥cdpx
4�@ = b �HS @\` B �CFF Dk F�@HbB` B?E k\IC bH kCBIAB D �HkkBbbB admit Jex Jadmitted

Z P? �\`]
kCB?J HAB� �BE BSB`kbB bBD JH?iBCD JB bH EH�E@�IB Z

¦? EjF\C@B = @b BDE k\DD@a bB JB ECHJI@CB bH E\EHb@EF JB b �B?A@C\??B`B?E ib\aHb Z ¦? kCH]
E@�IB = �B�@ ? �BDE kHD B?A@DHiBHabB �HC �BbI @]�@ BDE EC\k �jHCiF D@ a @B? �IB = HkC�D ECHJI�E@\? =
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DFBD k\IC kC\IABC I? �BCEH@? DF�IB?E Z h\?� �B �I@ BDE ECHJI@E BDE B? kC@\C@EF �B J\?E
\? H aBD\@? k\IC �IB bH ECHJI�E@\? D\@E a@B? E�kFB Z ¦?DI@EB A@B??B?E D �H¡ \IEBC �IBb�IBDHS @\` BD �\``B b\CD JB bH JFs?@E@\? JB ^\?�E@\? \I �\``B b �HS @\` B J �@?¡ B�E@\? k\IC bBD
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^_` a §xe }v }{ }_v e �� h �� ht � ª � n
e }p yxe }vxy
^_` a §xe }v }{ }_v s �� h �� ht � n
s }p yxe }vxy
^_` a b_cd x� }p{ p � k e � t � n
o pqrs_cd

ttttttttttttttttttttttttttttx� }p{ p � h � k e � t �
uvvcwxyz{|w a p}wj d}e� n
�� e h ��� lm ���
�«bziu�~ �� e
�¥�¢g¦¦ ���� ��¨ �e ��� �ª �ª � o� ������

��¬ ���� �� � ��¨ �e � � ���
if__e �_wj dx{xy n

6BkB?JH?E @b HCC@AB �IB JBD bB``BD \I JBD EjF\C�` BD D\@B?E JFs?@D = BE �IB �BIS]�@ ?B
D\?E kHD @?J@Dk B?DHabBD � bH ECHJI�E@\? J �I? DF�IB?E D �@b ?B D\?E kHD BSkb@�@EB` B?E IE@b@DFDJH?D bB aIE Z YH@D bH kCBIAB JI DF�IB?E = BbbB = k BIE JBA\@C bBD IE@b@DBC Z Q @?D@ = ?\ID HA\?D
@?EC\JI@E I?B ?\IABbbB �\``H?JB = ×® ÚÛÓ= �I@ kCB?J B? HCiI` B?E JBD ?\` D JB EjF\C�` BD
BE �I@ bBD H¡ \IEB � bH ECHJI�E@\? Z 2BD BSkCBDD@\?D �I@ ?B D\?E kHD JBD kC\k\D@E@\?D BE bBDkC\k\D@E@\?D ?\? kCB` @BC \CJCB D\?E @i?\CFBD Z

¦SB`kbB \ß bH �\``H?JB ×® � ÚÛÓ ? �BDE kHD IE@b@DFB 1
^_` a icfcwx{xf cyy h vc{ lm vc{ lm vc{ n
^_` a g� }_w cyyz� h e_fcdd v h vc{ k cyy � v t v n
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^_` a g� }_w cyyz� h e_fcdd �v o v� h vc{ � k cyy �� v o� v� t � �cyy v o v�� n
^_` a b_cd e_fcdd v h vc{ k cyy v � t v n
o pqrs_cd

tttttttttttttttttttttttttttte_fcdd v h vc{ k cyy v � t v
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±s_cd �t �cyy � �� ��
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6B �I@ BDE @`k\CEH?E JB A\@C @�@ = � �BDE �IB bBD HS @\` BD

add J0
BE

add JS
? �\?E kHD FEF

B?A\�FD HI kC\IABIC Z 7\ID CBA@B?JC\?D kbID EHCJ DIC �B �I@ BDE BSH�EB` B?E B?A\�F DBb\?
bBD kC\IABICD Z

¦E A\@�@ bB ` �` B BSB`kbB b\CD�IB bH �\``H?JB ×® � ÚÛÓ H FEF IE@b@DFB k\IC B?A\�BC
� bH ECHJI�E@\? bBD HS @\` BD @`k\CEH?E k\IC kC\IABC bB aIE 1
^_` a icfcwx{xf cyy h vc{ lm vc{ lm vc{ n
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